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ABSTRACT
E b e r h a r t ,  N a d le r ,  and Nowell a sk ed  f o r  w hich  Peano c o n t i n u a  X i s  
I t  t r u e  t h a t  T (X ) ,  t h e  s p a c e  o f  o r d e r  a r c s  I n  C (X ), i s  hom eomorphic 
to  t h e  H i l b e r t  cube  I}? They answ ered  t h e  q u e s t i o n  a f f i r m a t i v e l y  when 
X c o n t a i n s  no f r e e  a r c s .  In  C h a p te r  IV , we c h a r a c t e r i z e  t h o s e  1 -  
d im e n s io n a l  ANRS X f o r  w hich  T(X) i s  homeom orphic to  IQ. In  C h a p te r s  
I  and I I ,  we d e v e lo p  t e c h n i q u e s  f o r  a n a l y z i n g  t h i s  p rob lem  a n d ,  i n  
C h a p te r  I I I ,  we a l s o  a p p ly  t h e s e  t e c h n i q u e s  i n  a n sw e r in g  some open 
q u e s t i o n s  c o n c e r n in g  W hitney  l e v e l s  i n  C (X ).
iv
INTRODUCTION
P r e l i m i n a r i e s : The l e t t e r  X w i l l  a lw ays  d e n o te  a  m e t r i c  continuum
w i t h  m e t r i c  d .  Fo r  e > 0 and A c  X, Ng (A>-= {x e x |d ( x ,A )  < e } .  
The h y p e rs p a c e  o f  s u b c o n t in u a  o f  X I s  C(X) = { K c  x jK  I s  a 
con tinuum } t o g e t h e r  w i th  th e  H a u s d o r f f  m e t r i c  d e f i n e d  by
H^(K,M) = ln f { e  > O jK c  N^(M) and M e  N€ (K )} .  Whenever d i s  
u n d e r s t o o d ,  we’ l l  w r i t e  H(K,M). The s p a c e  C(C(X)) i s  d e f in e d  
s i m i l a r l y  and we d e n o te  i t s  m e t r i c  by H^. An o r d e r  a r c  a  e C(C(X)) 
i s  an a r c  w i th  th e  p r o p e r t y  t h a t  i f  K,M e a t h e n  e i t h e r  K <= M o r  
M e  K. The s p a c e  o f  o r d e r  a r c s  i n  C(X) i s  T(X) = {a e C (C ( X ) ) |a  i s  
an  o r d e r  a rc }  u { { { K } } |K e  C(X)} c o n s id e r e d  as  a  s u b s p a c e  o f  C (C (X )) .  
A W hitney  map (W-map) i s  a  map p : C(X) —*■ [ 0 ,1 ]  s a t i s f y i n g
p ({ x } )  = 0 and i f  K e  M, K *  M, t h e n  p(K) < p (M ). The s e t s  y ^ ( t )
a r e  c a l l e d  W hitney  l e v e l s  (W - le v e l s )  and a t o p o l o g i c a l  p r o p e r t y  P i s  a  
W hitney p r o p e r t y  (W -p ro p e r ty )  p ro v id e d  w henever X has p r o p e r t y  P, 
e a c h  W -le v e l  has  p r o p e r t y  P. K e l ly  [12]  was t h e  f i r s t  to  i n t r o d u c e  W- 
maps i n t o  th e  s tu d y  o f  h y p e r s p a c e s  and used  them a s  a  means o f  c o n s i d e r ­
in g  o r d e r  a r c s  a s  f u n c t i o n s  from [ 0 ,1 ]  i n t o  C(X). For a  e  T (X ) ,  
l e t  Ha =n{M |M  e a} and Ua = u{M|M e a } .  Denote by a ( t )  t h e  u n iq u e  
e le m e n t  K e a  su c h  t h a t  y(K) = ( l - t )  • p ( n a )  +  t  • p(ucx). We w i l l  
t h i n k  o f  o r d e r  a r c s  i n  t h i s  manner th ro u g h o u t  t h e  r e m a in d e r  o f  t h i s  
p a p e r .
Some s u b s p a c e s  o f  T(X) w hich  we w i l l  s tu d y  a r e  
At  = {a e r ( X ) | a ( 0 )  e y _1( t )  and « ( 1 )  = X} f o r  t  e [ 0 , 1 ) .  AQ i s
c a l l e d  th e  s p a c e  o f  maximal o r d e r  a r c s . F o r  M e C(X), l e t
v
AM = {cx e r ( X ) | a ( 0 )  = M and a ( l )  = X} and CM(X) = {K e C(X)jM<= K}. 
The s p a c e s  C^(X) a r e  c a l l e d  I n t e r v a l s  o f  c o n t l n u a . .Each o f  t h e s e
s p a c e s  w i l l  be s tu d i e d  in  C h a p te rs  X and I I .
00
I) w i l l  d e n o te  th e  H i l b e r t  cube w hich i s  n [ 0 , 1 ] j w i th  t h e
i = l
p r o d u c t  t o p o lo g y .  A s p a c e  Y i s  an a b s o lu t e  ne ig h b o rh o o d  r e t r a c t  (ANR) 
f o r  m e t r i c  sp a c e s  Z p ro v id e d  f o r  any c lo s e d  A c  Z and any map 
f  : A Y, t h e r e  i s  an e x t e n s i o n  £ : U —*■ Y o f  f  to  an open s e t
U => A. I f  U can  be  ta k e n  as a l l  o f  Z, t h e n  Y i s  c a l l e d  an a b s o lu t e  
r e t r a c t  (AR).
H i s t o r y : We w i l l  r e s t r i c t  o u r s e l v e s  to  t h e  h i s t o r y  o f  th e  s tu d y  o f
o r d e r  a r c  s p a c e s .  For a  b r i e f  h i s t o r y  o f  h y p e rs p a c e  t h e o r y  i n  g e n e r a l ,  
we r e f e r  t h e  r e a d e r  to  N a d le r ’ s  t e x t  on th e  s u b j e c t  [ 1 8 ] .
The t o p i c  o f  t h i s  t h e s i s  had i t s  o r i g i n  i n  John L. K e l l e y ’ s 
d o c t o r a l  d i s s e r t a t i o n ,  p u b l i s h e d  in  th e  T r a n s a c t i o n s  o f  t h e  AMS under  
th e  t i t l e  "H y p e rsp a c e s  o f  a  Continuum" [1 2 ] .  I t  was in  t h i s  p a p e r  t h a t  
K e l le y  f i r s t  i n t r o d u c e d  W-maps i n t o  th e  s tu d y  o f  h y p e r s p a c e s ,  and a l s o ,  
s t u d i e d  th e  s p a c e s  T(X) f o r  th e  f i r s t  t im e .  He showed T(X) i s  
compact and used  t h i s  to  show C(X) i s  t h e  c o n t in u o u s  image o f  t h e  cone 
ov e r  t h e  C an to r  s e t .
The n e x t  p a p e r  on o r d e r  a r c  s p a c e s  was t h e  j o i n t  p a p e r  by E b e r h a r t ,  
N a d le r ,  and Nowell e n t i t l e d  "S p aces  o f  o r d e r  a r c s  in  h y p e r s p a c e s ” [ 1 0 ] .
They showed T(X) « I) i f  X i s  l o c a l l y  c o n n e c te d  and c o n t a i n s  no f r e e
a r c s .  Tliey a l s o  showed F (S ^ )  I) and a sk ed  when i s  T(X) 
homeomorphic to  I}? We w i l l  g iv e  a p a r t i a l  answ er to  t h i s  q u e s t i o n  in  
C h a p te r  IV by c h a r a c t e r i z i n g  th o s e  1 - d im e n s io n a l  ANR8 X f o r  w hich
r  cx) « i}.
v i
F i n a l l y ,  t h e  o n l y  o t h e r  p a p e r  on o r d e r  a r c  s p a c e s  was w r i t t e n  by 
Doug C u r t i s  " A p p l i c a t i o n s  o f  a  s e l e c t i o n  th eo rem  to  h y p e r s p a c e  c o n t r a c -  
t i b i l i t y "  [ 5 ] .  He s t u d i e d  t h e  s p a c e s  o f  maximal o r d e r  a r c s  and g a v e  a  
c h a r a c t e r i z a t i o n  o f  h y p e r s p a c e  c o n t r a c t i b i l i t y  i n  te rm s  o f  them . I t  i s  
i n t e r e s t i n g  to  n o te  t h a t  K e l l e y  a l s o  s t u d i e d  h y p e r s p a c e  c o n t r a c t i b i l i t y  
i n  h i s  p a p e r ,  a l t h o u g h  n o t  i n  te rm s  o f  o r d e r  a r c  s p a c e s .  Thus, K e l le y  
and C u r t i s  u sed  o r d e r  a r c  s p a c e s  a s  a t o o l  to  s tu d y  t h e  s t r u c t u r e  o f  
h y p e r s p a c e s .  We w i l l  c o n t i n u e  t h e i r  s t u d y  h e r e  and g i v e  s e v e r a l  
a p p l i c a t i o n s  t o  h y p e r s p a c e s .
v i i
CHAPTER I  
The S paces  A^
We b e g in  th e  s t u d y  o f  I*(X) by  s tu d y i n g  i t s  s i m p l e s t  s u b s p a c e  
w h ich  we c a l l  A ^. R e c a l l  t h a t  t h e s e  a r e  th e  s p a c e s  o f  maximal o r d e r  
a r c s  s t a r t i n g  a t  a  g i v e n  p o i n t  p .  A l th o u g h  t h e s e  s p a c e s  h a v e  n e v e r  
be e n  s t u d i e d ,  th e y  h a v e  a p p l i c a t i o n s  t o  th e  s tu d y  o f  W - le v e l s  i n  C(X) 
w here some r e s e a r c h  i n  h y p e r s p a c e s  had been  fo c u s e d  i n  th e  s e v e n t i e s .  
For ex a m p le ,  t h e  m ain  r e s u l t  o f  t h i s  c h a p t e r  i s :
Theorem 1 . 1 : W hitney  L e v e ls  i n  Cp (X) a r e  ARS .
I t  seems u n l i k e l y  t h a t  a  s im p l e r  p r o o f  o f  t h i s  th eo rem  c o u ld  be had 
w i t h o u t  t h e  use  o f  Ap . T h is  r e s u l t  w i l l  be  u sed  i n  C h a p te r  I I I  t o  
an sw er  some open q u e s t i o n s  c o n c e r n in g  W - le v e l s  i n  C (X ). I t  w i l l  a l s o  
p ro v e  u s e f u l  i n  C h a p te r  IV w here we g i v e  a  p a r t i a l  s o l u t i o n  t o  a  p rob lem  
r a i s e d  i n  [ 1 0 ] .  And, Doug C u r t i s  u sed  i t  i n  h i s  c h a r a c t e r i z a t i o n  o f
s t a b l e  p o i n t s  I n  C(X) [ 6 ] .
An e q u i c o n n e c t i n g  f u n c t i o n  f o r  a  s p a c e  Y i s  a  map 
A : Y x Y x [ 0 ,1 ]  — ► Y s u c h  t h a t  A ( a , b , 0 )  = a ,  A ( a , b , l )  -  b ,
A ( a , a , t )  = a  f o r  a l l  a , b  e Y and t  e [ 0 , 1 ] .  A s p a c e  w hich  a d m i ts  an 
e q u i c o n n e c t i n g  f u n c t i o n  i s  c a l l e d  an e q u ic o n n e c te d  s p a c e . A s e t  C c  Y 
i s  convex  w i t h  r e s p e c t  t o  A_ p r o v id e d  A : C x C x [ 0 ,1 ]  — ► C. I f  
A i s  u n d e r s t o o d ,  we s a y  C i s  c o n v e x . I t ' s  e a s y  to  see  t h a t  th e
-N
s p a c e s  Ap a r e  e q u ic o n n e c te d  w i th  A : Ap x Ap x [ 0 ,1 ]  — ► A^ d e f i n e d
by  A ( a , g , t )  = { a ( r ) | 0  < r  < 1 -  t}  u { a ( l  -  t )  u @ ( s ) |0  < s  < 1} f o r
a , 6 e A and t  e [ 0 , 1 ] .
P
Lemma 1 . 2 : L e t  C c  be a  c l o s e d ,  convex  s e t .  I f  N£ (C) «
( B e  A p |H ^ (P ,C )  < e } ,  t h e n  N^CC) i s  c o n v e x .
1
P r o o f ; Let a , 3 e  N£ (C) and t  e  [ 0 , 1 ] .  Choose Y^»Y2 e ^ e 
s u c h  t h a t  H ^ (a ,Y j )  * e» H2(3»Y2) < € and H ( a ( l  -  t )  , Y j ( l  ~ t ) )  < e .
CLAIM; H2( X < a , 3 , t ) ,  M y ^ Y ^ ) )  < e
O
By d e f i n i t i o n  o f  H , we must show f o r  a l l  s  e [ 0 , 1 ] ,  t h e r e
e x i s t s  s '  e [ 0 ,1 ]  su c h  t h a t  H ( X ( a , 3 , t ) ( s )  , XCYj ^ ^ K s 1) )  < € and
f o r  a l l  r  e [ 0 , 1 ] ,  t h e r e  e x i s t s  r '  e [ 0 ,1 ]  su ch  t h a t  
H ( X ( o t , 3 , t ) ( r ’ ) ,  A(Y2 ,Y2 » £ )C r))  < € * S in c e  t h e s e  a rgum en ts  a r e  s i m i l a r ,  
we o n ly  show t h e  f i r s t  o n e .  F o r  t h i s ,  we must show
A ( a , 3 , t ) ( s )  c  Ne (X(Y1 ,Y2 » ^ ) ( 8 l ) )  and X(Yj ,Y2 ,^ ) < s ' ) c  N£ ( X ( a , 3 , t ) ( s ) ) . 
A g a in ,  s i n c e  t h e s e  a rg u m e n ts  a r e  s i m i l a r ,  we o n ly  show th e  f i r s t  
c o n ta in m e n t .
CASE 1 ; s < 1 -  t .
Then , s i n c e  H ( a ( l  -  t ) , Y j ( l  *■ ^ ) )  < e ,  i t ' s  e a s y  t o  see  t h e r e  
e x i s t s  s '  < 1 -  t  w i th  H ( a ( s ) ,  Yj ( b * ) )  < e .
CASE 2 ; s > 1 -  t .
Then, \ ( a , S , t ) ( s )  = a ( l  -  t )  u B ( r )  f o r  some r  e [ 0 , 1 ] .  Choose 
r '  e [ 0 ,1 ]  su c h  t h a t  H ( 3 ( r ) ,  Y2( r ' ) )  < e . S in c e  u n io n  i s  no n -  
e x p a n s i v e ,  H ( a ( l  -  t )  u 3 ( r ) ,  Y ^O  -  £ )  u Y2Cr ' ) )  < e .  C l e a r l y ,  t h e r e  
e x i s t s  s '  > 1 -  £ su c h  t h a t  X(Yj ,Y2 > ^ )( s ' ) = Y ^O  ”  u Y2( r ' ) .
C ases  1 and 2 show X ( a , 3 , t )  c  Ng (X(Yj ,Y2 » ^ ) ) • T h is  c o m p le te s  th e  
p r o o f  o f  t h e  c l a i m .  S in c e  C i s  con v ex ,  X(Yj»Y2 * t)  e C so t h i s
p ro v e s  th e  lemma. []
The f o l lo w in g  lemma i s  a  s p e c i a l  c a se  o f  Theorem 3 . A i n  [ 7 ] .
3Lemma 1 . 3 ; I f  Y i s  an e q u ic o n n e c te d  s p a ce  w i th  e ach  p o i n t  h a v in g  a 
b a s i s  o f  convex s e t s ,  t h e n  Y i s  an  AR.
Theorem 1 .4 :  A i s  an AR.--------------------- p
P r o o f ; F o llow s from Lemmas 1 .2  and 1 .3 .  []
A HH nanifo ld  i s  a  m a n i f o ld  m o d e l le d  on th e  H i l b e r t  cube !}. 
Chapman [4] showed 1} i s  th e  o n ly  co m p a c t ,  c o n t r a c t i b l e  I J -m an ifo ld .  
S e v e ra l  y e a r s  l a t e r ,  Torunczyk [23] gave  a b e a u t i f u l  c h a r a c t e r i z a t i o n  o f  
Q -m an ifo ld s  and th e  f o l lo w in g  theo rem  i s  a  s p e c i a l  ca se  o f  t h a t  r e s u l t .
Therorem  1 .5 ;  L e t  Y be a  compact ANR. I f  f o r  e a ch  e > 0 ,  t h e r e
e x i s t s  m appings f  ,g : Y — ► Y su c h  t h a t  d ( f ( y ) , y )  < e ,  d ( g ( y ) , y )  < e 
f o r  a l l  y  e Y, and f (Y )  n g(Y) = $ ,  th e n  Y i s  a i} -m a n ifo ld .
Theorem 1 . 6 ; I f  Ap i s  n o n d e g e n e r a te ,  t h e n  Ap « I].
P r o o f : S in c e  A i s  c o n t r a c t i b l e ,  we need o n ly  show i t ' s  a I^-m anifo ld
P
by Chapman's r e s u l t  [ 4 ] .  Suppose t h e  f o l l o w in g  c o n d i t i o n  h o l d s :
(* )  For e v e ry  e > 0 ,  t h e r e  e x i s t s  Y,0 e Ap , t  < e such  t h a t  
y ( t )  *  0 ( t ) .
D e f in e  f  ,g : Ap — ► Ap by f ( n )  = A ( 0 , n , l  -  t )  , g ( n )  = A ( y , n , l  -  t ) .
Then, H ^ ( f ( a ) , a )  < e ,  H ^ ( g ( a ) , a )  < e f o r  a  e Ap and
f(A p ) n g(Ap ) = (j) s i n c e  f ( a ) ( t )  * g ( 0 ) ( t )  f o r  any a ,P  e Ap . By
Theorem 1 .5 ,  Ap i s  a  I J -m a n ifo ld .  I f  ( * )  d o e s n ' t  h o l d ,  t h e n  t h e r e
e x i s t s  0 < e < 1 su c h  t h a t  f o r  a l l  0 ,y  e Ap , 0 ( t )  = y ( t )  f o r  t  < e 
b u t  f o r  any 5 > 0 ,  t h e r e  e x i s t s  e Ap and e < t  < e + 6 such
t h a t  $ ( t )  *  Y ( t ) .  e m ust be l e s s  th a n  one  s i n c e  Ap i s  non -
4d e g e n e r a t e .  We a r e  now i n  t h e  same s i t u a t i o n  as  i n  ( * )  so A » IJ. []
F o r  M e C(X), AM<X) = {« e r ( X ) | a ( 0 )  = M and o ( l )  = X} »
Ap (X ) ,  w here  X = X/M i s  t h e  q u o t i e n t  s p a c e  and p e X i s  t h e  
p o i n t  c o r r e s p o n d in g  to  M. H ence , Theorem 1 .6  h o l d s  w i th  . p r e p l a c e d
by any M e C (X ). L e t  e : A — ► y * ( t )  n C (X) = y * ( t )  b e  t h et  p p p
e v a l u a t i o n  map d e f i n e d  by e t (cc) = a ( t ) .  Fo r
K e y  ^ ( t ) ,  e .  ^(K) = {a  e A | a ( t )  = K} and i t ' s  n o t  h a rd  to  s e e  t h a t  wep t  p 1
can  a p p ly  t h e  p r e v i o u s  a rg u m e n ts  t o  e ^ ( K )  t o  show t h e s e  a r e  d e g e n e ­
r a t e  o r  hom eomorphic to  t h e  H i l b e r t  c u b e .  T h is  g i v e s  t h e  f o l l o w i n g  
th e o re m .
Theorem 1 .7 :  I f  t h e  p o i n t - i n v e r s e s  o f  e .  : A — ► y ^ ( t )  a r e  no n -----------------------  r  t  p Pp
d e g e n e r a t e ,  t h e n  t h e y  a r e  homeomorphic t o  th e  H i l b e r t  c u b e .
E b e r h a r t  s t u d i e d  th e  s p a c e s  Cp (X) [9] and c a l l e d  them i n t e r v a l s
o f  c o n t i n u a . He showed cp(X ) a r e  ARS and g a v e  some s u f f i c i e n t
c o n d i t i o n s  i n  o r d e r  t h a t  th e y  be homeomorphic to  1]. In  t h e  r e m a in d e r
o f  t h i s  c h a p t e r ,  we w i l l  show e a c h  W hitney  l e v e l  i n  Cp(X) , d e n o te d
y * ( t ) ,  i s  an AR. We p o i n t  o u t  t h a t  i f  G I s  a  g r a p h ,  t h e n  y ~ * ( t )
P P
I s  f i n i t e - d i m e n s i o n a l  and h e n c e ,  an  AR by Theorem 1 .7  above  and a 
r e s u l t  o f  Smale [ 2 2 ] .  Doug C u r t i s  u sed  t h i s  s p e c i a l  c a s e  i n  h i s  c h a r a c ­
t e r i z a t i o n  o f  s t a b l e  p o i n t s  i n  C(X) f o r  Peano c o n t i n u a  X [ 6 ] .  We 
w i l l  u se  h i s  r e s u l t  i n  C h a p te r  IV to  c h a r a c t e r i z e  t h o s e  g r a p h s  G f o r  
w hich  r ( G )  » $ .
L e t  a 1 , a 2 , . . . , a n e Ap , 0 < t j  , t 2 , . . .  , t Q_ j  < 1. D e f in e  3 e Ap by
3 = 0 .  V. a„  V. . . .  V a 
1 C1 2 C2 n -1  n
= { a , ( s ) | 0  < s < t , }  u u a^ C e^ O  < s < t , )  u . . .
u { a . ( t  ) u a ( t . )  u . . .  u a ( t  ) u a <s)I 0 < s < 1}.  l l  i  2. n—i n —l  n 1
I t  i s  n o t  d i f f i c u l t  to  see  t h a t  t h i s  c o n s t r u c t i o n  o b t a i n e d  by a t t a c h i n g
e le m e n ts  o f  A i s  c o n t in u o u s  in  th e  s e n s e  t h a t  i f  a™ — ► a . , 
p I t *
t ^ — ► t ^  a s  m — ► “  f o r  i  = l , 2 , . . . , n ,  t h e n
ctfv ouV . . .  V a m — *■ o .V  a„V . . .  V. a  a s1 ..m 2 ..m n 1 t ,  2 t „  t  , n
t l  fc2 n -1  1 2 n_1
m -*■ ®. F u r th e r m o r e ,  f o r  0 < t j , . . . , t n _ j  < 1,
diam 2( (otj, . . .  ,an}) = diam ^ { c i j . , 0 ^ , 0 1 ^  a2Vt . . .  an})*
H H 1 2 n - 1
T hese  r e s u l t s  f o l l o w  from  t h e  f a c t  t h a t  u n io n  i s  n o n e x p a n s iv e .
Lemma 1 . 8 ; ( K e l l e y  [1 2 ] )  F o r  e > 0 ,  t h e r e  e x i s t s  p > 0 s u c h  t h a t  i f
A,B e 2^ w i t h  A c  B and y (B ) -  p(A ) < p ,  th e n  H(A,B) < e .
P r o o f : Suppose t h i s  i s  f a l s e .  T hen , t h e r e  e x i s t s  e > 0 s u c h  t h a t  f o r
X  1e v e ry  n ,  t h e r e  e x i s t s  A c  B , A ,B e 2 w i t h  y ( B ) - y ( A )  < —n n ’ n ’ n n n n
b u t  H(An ,Bn ) > e .  S in c e  2^ i s  c o m p a c t ,  t h e r e  e x i s t  s u b s e q u e n c e s
A ,B o f  A_,, B_ r e s p e c t i v e l y ,  s u c h  t h a t  A — ► C andn^ n^ a* n n^
B — ► D. S in c e  A c  B and y(B ] -  pfA ) <  —  , i t  f o l l o w sn .  n .  n .  n . J n . '  n .i  i  i  i  i  i
t h a t  C c  D and p (C) = p ( D ) .  But t h e n  C = D s o  h( a  ,B ) — ► 0 .
n i  n i
T h is  i s  a  c o n t r a d i c t i o n  s i n c e  H(An ,Bn ) > e f o r  e a ch  n .  []
We now b e g in  th e  p r o o f  o f  Theorem 1 .1 .  We w i l l  show y ~ * ( t )  i s  an
a b s o l u t e  e x t e n s o r  f o r  m e t r i c  s p a c e s .  L e t  Z b e  a  m e t r i c  s p a c e  and
A c  Z be  c l o s e d .  L e t  g : A — ► p * ( t )  be  a  map. We w i l l  d e f i n e  anP
e x t e n s i o n  g : Z — ► U p ^ ( t)  u s in g  a  method a n a lo g o u s  t o  D u g u n d j i ' s  
c o n s t r u c t i o n  [8 ,  p 1 8 8 ] .  Fo r  e v e r y  x  e Z -  A, l e t  
B^ = {z e Z | d ( x , z )  < — d (x ,A )>  w here  d I s  a  m e t r i c  f o r  Z. L e t
U = {Ua l«  e A} be a  n e ig h b o rh o o d  f i n i t e  r e f i n e m e n t  o f  ^ x lx e Z -  A}
6and su p p o se  A i s  w e l l - o r d e r e d .  W ith e a c h  e U, a s s o c i a t e
a  e A a s  f o l l o w s :  Choose x  e U and f i n d  a  e A w i th  a  a  a  a
d ( x Q, a c() < 2 • dC x^ .A ).  L e t  {$a l°c e A} b e  a  p a r t i t i o n  o f  u n i t y  o f  Z -
A s u b o r d i n a t e d  to  D and f o r  e a ch  a  e A, c h o o se  0 e A su c h  t h a ta  p
e , .(0  ) = g ( a ) -  T h u s ,  e a c h  e le m e n t  o f  A h a s  a  c o r r e s p o n d in g  e le m e n t  in
L cl
Ap. D e f in e  g : Z — ► y ^ ^ t )  in  t h e  f o l l o w i n g  s t e p s :
( 1 )  F o r  x  e Z -  A, l e t  U31 , . . . j U *  be  th o s e  e l e m e n t s  o f  Da ,  a1 n
c o n t a i n i n g  x ,  < . . .  < a Q i n  A and d e f i n e
\ Cx)
t Cx .Oj )  = ^  ( x ) + . ’ 1 "  1 . 2 . • • • > ” •
a .  r ai  n
( 2 )  L e t  0 , . . . , 0  b e  th e  e l e m e n t s  o f  A c o r r e s p o n d in g  to
I n
t h e  e le m e n ts  a  , . . .  , a  o f  A and d e f i n ea ,  a1 n
“  ^ a ^ x C x ^ p ^ a ^ T C x , ^ )  *** V,r( x »0n _ i ) ^ a n '
( 3 )  D e f in e  g ( x )  = e t O x >.
For e v e r y  a  e A, s e t  g ( a )  = g ( a ) .  To show g i s  a  map, we need  to
show g i s  c o n t in u o u s  on Z -  A and th e  b o u n d a ry  o f  A, w h ic h  we do in
t h e  f o l l o w i n g  two c l a i m s .
CLAIM 1: g i s  c o n t in u o u s  on Z -  A.
L e t  x  e Z — A, b e  t h o s e  e le m e n t s  o f  D c o n t a i n i n g
1 m
x  and l e t  x^ — y x .  xn e v e n t u a l l y  b e lo n g s  t o  e a ch  o f  t h e s e  s e t s  and
s i n c e  D i s  l o c a l l y  f i n i t e ,  o n l y  f i n i t e l y  many o t h e r s ,  s a y
U* , . . . , U  (b y  p a s s i n g  t o  a  s u b s e q u e n c e  o f  x n i f  n e c e s s a r y ,  we may
1 r
assum e t h e s e  a d d i t i o n a l  s e t s  a r e  f i x e d  and d o n ' t  v a r y  w i th  n ) . L e t
( W W  } be t h e  c o l l e c t i o n  {U. , . . . , U 4 ,U„ , . . . , U 0 } i n  o r d e r  X nri-r l . l  a . a.
I m l -  r
a c c o r d in g  t o  A. L e t  0 0  b e  t h e  e le m e n t s  o f  A
i ntt-r p
7c o r r e s p o n d in g  to  th e  e l e m e n t s  a .  e W , , . . . , a  , e  W , a s  i n  (2 )  and1 1* '  nri*r ra+r
a + i (x )
suppose ^  T<x -1 > °  f o r  i * 1’ 2 ...........* '
and l e t  3 '  = 3 ,V . 3 0VA . . .  V. 3 , • T hen , f o r  j  < m'
X  i  A y i \  “  A > n \  A /  f ■ y m
t ( x ,1 )  t ( x , 2) T C x .m '- l )
and x ^ W j, t ( x , j )  = 0  so 3X = 3X a s  d e f i n e d  i n  ( 2 ) .  F u r th e r m o r e ,
s i n c e  T ( x , r a ' )  = 1, T (xn ,m ')  + 1 ( i n  f a c t ,  f o r
j  < m ' , T (xn , j )  — ► T ( x , j ) ) .  H ence , i f  3^ = 3 ^ ^  jv
n n *
3 nV /  „ \  • • •  V ,  , , . 3  , ,  t h e n  t h e r e  e x i s t s  N s u c h  t h a t  n > N
x n> T n»m 1) m
i m p l i e s  e t ( 3 x ) = g (x fi) = e t ( 3 X ) •  S in c e  t h e  a t t a c h i n g  o p e r a t i o n  i s
n n
c o n t i n u o u s ,  3 '  — ► 3 '  = 3 • T hus ,  e . ( 3 '  ) — + e , ( 3  ) so* X X X * t v X J t  Xn n
g<x ) — "► g ( x )  and g i s  c o n t in u o u s  on Z -  A.
CLAIM 2 : g  i s  c o n t in u o u s  on t h e  b o u n d a ry  o f  A.
L e t  a  e  A, xn e  Z -  A, and x n  — ► a .  L e t  I n =  (3  e Ap |3
c o r r e s p o n d s  t o  x Q a s  i n  ( 2 ) } .  F o r  e a ch  n ,  E^ i s  a f i n i t e  s e t  and
i f  3n i s  an y  e le m e n t  o f  E ^ ,  t h e n  3n ( t )  — ► g ( a )  (b y  c h o ic e  o f  a u
f o r  U e U and t h e  c o n t i n u i t y  o f  g on A ) .  L e t  e > 0 b e  f i x e d .
Choose n > 0 a s  i n  Lemma 1 .8  f o r  y  . S in c e  p i s  u n i f o r m ly  con­
t i n u o u s  on C (X ), t h e r e  e x i s t s  0 < 6 < ^  s u c h  t h a t  i f  H(K,M) < 6 ,
t h e n  |p (K ) -  p(M) | < n .  Choose N so  n  > N i m p l i e s  any  3 e ^
s a t i s f i e s  H ( g ( a ) , 8 ( t ) )  < ■— . Then , i f  En -  { 8 j ,* * » » 3 ^  } and
nm
K = u 8 ? ( t ) ,  t h e n  K e C(X) and H(K , 8 ^ ( 0 )  < 6 f o r  i  = l , . . . , r a  .
n i  1 ^
H ence, w(Kn ) -  t  < n .  S in c e  tK xn ) c  Kn (b y  d e f i n i t i o n  o f  g )  , we
h a v e  by Lemma 1 .8  t h a t  H (g (x n ) ,  K^) < ^  . T h u s ,  f o r  any n > N and
j  < m >J n ’
8H (g (x n ) ,  g ( a ) ) < H (g (x n ) ,  Kn ) +  H(Kn , e " ( t ) )  + H (f}"( t)  , g ( a ) )
< £ .
H ence , — *  S ( a )  80 S  i s  c o n t i n u o u s  on t h e  b o u n d a ry  o f  A,
T h u s ,  g  : Z — ► p * ( t )  i s  a  c o n t in u o u s  e x t e n s i o n  o f  g so  p * ( t )  i s
P P
an AR. []
C o r o l l a r y  1 . 9 ; {X} i s  u n s t a b l e  i n  Cp ( X ) .
P r o o f : L e t  e  > 0 .  Choose t  < 1 s u f f i c i e n t l y  l a r g e  so t h a t  f o r  any
K e  p” 1 ( [ £ , 1 ] )  = P - I ( l t , l ] ) n  Cp ( X ) ,  H(K,X) < e .  S in c e  P p X ( t )  i s  an  
AR, t h e r e  i s  a  r e t r a c t i o n  r  : P p * ( [ t , l ] )  — ► p p * ( t ) .  D e f in e
R : Cp (X) — ► P p ^ f O . t ] )  by
f x  , i f  K e P p 1 ( [0 , t ] ) ,
" l r ( K ) ,  o t h e r w i s e .
Then , R(C (X ))  c  C (X) -  {X} and H(R(M) ,M) < e f o r  any M e  C f X ) .
P P P
T h u s ,  {X} i s  u n s t a b l e  i n  Cp ( X ) .  []
Note t h a t  t h e  p r o o f  o f  C o r o l l a r y  1 .9  shows p * ( [ 0 , t ] )  i s  an  AR s i n c e
*r
i t ' s  a  r e t r a c t  o f  Cp ( X ) .
C o r o l l a r y  1 .1 0 :  C (X) -  {X} i s  an AR.--------------- i----------  p
P r o o f : S in c e  Cp (X) -  {X} i s  an  ANR, i t  s u f f i c e s  t o  show i t ' s  n -
c o n n e c te d  f o r  a l l  n  [ 1 1 ] .  L e t  f  : Sn — *■ C (X) -  {X} b e  a  map w here
P
Sn = {x e I ? + 1 | llxll = 1}. Choose t  < 1 l a r g e  so
f ( S n ) c  y ^ a o . t ] ) .  S in c e  Mp* ( [ 0 , t ] )  i s  an AR, f  h a s  an e x t e n s i o n
$  : Bn+1 — ► y’*1( [ 0 , t ] ) c  C (X) -  {X} where Bn+1 i s  th e  u n i t  b a l l  in  
P P
Efl+*. T hus , y p1 C [ 0 , 1 1 ) i s  n - c o n n e c te d .  t]
I f  X h a s  a c u t  p o i n t  p ,  th e n  i t ' s  e a s y  to  see  t h e r e  e x i s t s
tp  < 1 su c h  t h a t  f o r  any t  > t ^ ,  p * ( t )  = pp * ( t ) .  Hence,
Theorem 1 . 1 1 : I f  X h a s  a c u t  p o i n t ,  t h e n :
( a )  t h e r e  e x i s t s  tQ < 1 such  t h a t  f o r  t  > t g ,  p ^ ( t )  i s  an
AR a n d ;
(b )  {X} i s  u n s t a b l e  in  C(X).
CHAPTER I I  
The Spaces A^
In  t h i s  c h a p t e r ,  we s tu d y  th e  s p a c e s  At  and i n v e s t i g a t e  t h e  r e l a ­
t i o n s h i p s  be tw een  t h e s e  s p a c e s  and th e  W - le v e ls  p ^ ( t ) .  T h is  i s  
m o t iv a te d  by C u r t i s '  p a p e r  [5] w here a  c h a r a c t e r i z a t i o n  o f  h y p e rs p a c e  
c o n t r a c t i b i l i t y  i s  g iv e n  in  term s o f  A q .  The r e s u l t s  o b t a in e d  h e re  a r e  
u sed  in  C h a p te r  I I I  t o  s tu d y  W - le v e l s .  The main r e s u l t s  o f  t h i s  c h p a t e r  
a r e :
Theorem 2 . 1 : I f  e i t h e r  p ^ ( t )  o r  At  h a s  one o f  t h e  f o l l o w in g
p r o p e r t i e s ,  t h e n  so does  t h e  o t h e r :
( a ) L o c a l ly  c o n n e c te d ;
(b ) p a th  c o n n e c te d ;
( c ) h e r e d i t a r i l y  in d ec o m p o sab le ;
(d ) p s e u d o - a r c ;
( e ) ANR;
( f ) AR.
Theorem 2 . 2 : I f  X = p ^ ( 0 )  i s  an ANR, th e n  Aq i s  a  J}-m anifo ld ;  and
i n  f a c t ,  Aq « X  x |) .
We f i r s t  i n t r o d u c e  some f u r t h e r  n o t a t i o n  and e s t a b l i s h  some lemmas.
L e t  f  : [ 0 ,1 ]  — *■ C(X) be a  map and d e f i n e  h ( t )  = u f ( s ) .  Then,
s< t
{ K |k e h ( [ 0 , l ] ) }  d e f i n e s  an o r d e r  a r c  id i ic h  we c a l l  th e  o r d e r  a r c
in d u ce d  by JE. f  a l s o  in d u c e s  a c o n t in u o u s  f a m i ly  o f  o r d e r  a r c s
{ a ( f , t ) | t  e [ 0 ,1 ] }  a s  f o l l o w s :  F o r  t  e [ 0 , 1 ] ,  l e t
h ( s )  = U f ( ( l  -  r )  • t ) . { k |k  e  h ( [ 0 , 1 ] ) }  d e f i n e s  an  o r d e r  a rc  
r< s
a ( f , t ) .  Note t h a t  a ( f , t ) ( 0 )  = f ( t )  and a ( f , t ) ( l )  ■ u f ( s )  so
s < t
10
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a ( f , t )  i s  an  o r d e r  a r c  s t a r t i n g  a t  f ( t )  and e n d in g  a t  a  s e t  con­
t a i n i n g  f ( 0 ) .  We w i l l  a l s o  u se  th e  a t t a c h i n g  o p e r a t i o n  a s  d e f i n e d  in  
C h a p te r  1.
Lemma 2 . 3 : L e t  f  : [ 0 ,1 ]  — >- p * ( t )  be  a  m ap. Then,
d iam R( f ( [ 0 , 1 ] ) )  = diam  2( { a ( f , s ) | s  e [ 0 , 1 ] } ) .
H
P r o o f : I t  i s  c l e a r  t h a t  d iam ^CfC[ 0 , 1 ] ) )  < diam  2( { o t ( f , s ) | s  £ [ 0 , 1 ] } ) .
H
L e t  6 = d ia ra^ C f( [ 0 , 1 ] ) ) .  We m ust show f o r  a l l  r , s  e [ 0 , 1 ]  w i th  r  < s ,  
2
H ( a ( f , r ) , a ( f , s ) )  < 5 .  T h i s  i s  done  i n  t h e  f o l l o w i n g  two c l a i m s .
CLAIM 1: F o r  any p j  e [ 0 , 1 ] ,  t h e r e  e x i s t s  p2 e [ 0 ,1 ]  w i th
H ( a ( f  . r X p p  , a ( f , s ) ( p 2 ) )  < 6 .
R e c a l l  a ( f , r ) ( p ^ )  = u f ( ( l  -  q )  • r ) .  S in c e  r  < s ,  t h e r e  i s  a
q<Pi
P 2 e [ 0 ,1 ]  w i t h  (1 -  p 2) • s  = (1 -  p p  • r .  H ence,
a ( f , s ) ( p „ )  = u f ( ( l  -  q) ■ s )  = a ( f , r ) ( p . )  so 
q<P2
H ( a ( f , r ) ( p j ) , a ( f , s ) ( p 2 ) )  = 0 < <5.
CLAIM 2 : F o r  any p^ e [ 0 , 1 ] ,  t h e r e  e x i s t s  p 2 e [ 0 , 1 ]  w i th
H ( a ( f  , s ) ( p 1) , a ( f , r ) ( p 2 ) )  < 6 .
We h a v e  th e  f o l l o w i n g  two c a s e s :
CASE 1 : r  > (1  -  p x) • s
Then , t h e r e  e x i s t s  p 2 e [ 0 ,1 ]  w i th  (1 -  p 2) ■ r  = (1 -  p p  • s 
and t h e  p r o o f  f o l l o w s  a s  i n  c l a i m  1.
CASE 2 : r  < (1 -  p j )  * s
Then, H ( a ( f , r ) ( 0 ) ,  a ( f , s ) ( p 1>) < 6 s i n c e  a ( f , r ) ( 0 )  = f ( r ) ,
12
a ( f , s ) ( p 1) = U fC (1 -  q) • s ) , and u n io n  i s  n o n e x p a n B lv e .  T h is
q < p x
p r o v e s  C laim  2 and h e n c e ,  t h e  lemma. []
Lemma 2 . 4 ; L e t  a , 3 e w i th  a ( 0 )  = 6 ( 0 ) .  Then,
H2 ( a , 6 )  = diam 2( { a  V1-t;e11 e [ 0 , 1 ] ) ) .
H
P r o o f : C l e a r l y ,  H2 ( a , 3 )  < diam 2 ({ot Vl - t ^ I t  E t 0 , l ] } ) .  L e t
„ H
6 > H ( a , 6) and N^Ca) = {K e C (X ) |H (K ,a )  < 6 } .  We m ust show f o r  s  < t ,
2
H ( a  V. 6 ,  a  V, 6 )  < 6 w h ic h  i s  e q u i v a l e n t  t o  showing 
X ” S i —L
a  V1_B0 «= N6(o  V1 - t B) and a  c  Nfi( a  V ^ B ) .
CLAIM 1: a  V, 0 c  N -(a  V, . 6 ) .-------------  1 - s  o 1—t
R e c a l l  o V, 3 = ( o ( r ) | 0  < r  < 1 -  s )  u { a ( l  -  s )  u 3 ( r ) | 0  < r  c 1 ) .X “ s
S in c e  s  < t ,  1 -  t  < 1 -  s .  We have  t h e  f o l l o w i n g  c a s e s :
CASE 1 : 0 < r  < 1 -  t .
Then , ( a  V1_g 3 ) ( r )  = a ( r )  e Ng( a  V ^ B ) .
CASE 2 : l - t < r < l - 6 .
( a  V, 3 ) ( r )  = a ( r )  and  t h e r e  e x i s t s  r 1 w i t hx—s
H ( a ( r ) , 3 ( r ' ) )  < 6 . So, H ( a ( r ) , a ( l  -  t )  u 3 ( r ' ) )  < 6 and 
a ( l  -  t )  u 3 ( r T) = ( a  t 3 ) ( s f ) f o r  some s ' .  H ence ,
(a  V1_ g 3 ) ( r )  e Nfi( a  V ^ B ) .
CASE 3 : 1 -  s  < r .
( a  g 3 ) ( r )  = a ( l  -  s )  u B ( r ' )  f o r  some r 1 . We can  f i n d  r^
w i th  H ( a ( l  -  s ) ,  3 ( 1 ^ ) )  < 6 .  I ^ t  r 2 = m a x t r j . r ' } .  T hen ,
H ( a ( l  -  s )  u 3 ( r ' ) > u 3 ( r ' ) )  = H ( a ( l  -  s )  u S ( r ' ) ,  3 ( r 2 ) )  < 6
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s i n c e  u n io n  i s  n o n e x p a n s iv e .  So,
H(ot(l -  s )  u 0 ( r ' ) , a ( l  -  t )  u B ( r 2 ) )  < 6 s i n c e
a ( l  -  t )  c  a ( l  -  s )  and u n io n  i s  n o n e x p a n s iv e .  S in c e
a ( l  -  s )  u P ( r '  ) = ( a  V1_gp ) ( r )  and a ( l  -  t )  u p ( r 2 ) = ( a  V j ^ B X s ’ )
f o r  some s ' ,  we have  ( a  g P ) ( r )  e N ^ (a  ^.B). T h is  p ro v e s
a  v ^ e  = NjCa V j . t S ) .
CLAIM 2 ; a  V, 6 c  N^Co V j .g B ) .
S i m i l a r  to  Claim  1.
2
C la im s 1 and 2 show H ( a  V, g ,  o  V. p )  < 6 f o r  a l l  s < t .  T h u s ,
1*"S 1"*C
diam  „ ( { a  V, p | t  e [ 0 , 1 ] } )  < 6 . S in c e  5 > H2( a ,B )  i s  a r b i t r a r y ,
d iam  „ ( { a  V, p | t  e [ 0 , 1 ] } )  < Hz ( a , P ) .  []
H
Lemma 2 . 5 t L e t  a ,P  e At , f  : [ 0 ,1 ]  — ► p * ( t )  be  a  p a t h  w i th
f ( 0 )  = a ( 0 )  and f ( l )  = P ( 0 ) .  Then , t h e r e  i s  a  p a th  g : [ 0 , 1 ]  — ►
w i t h  g (0 )  = a ,  g ( l )  = p ,  and d iam  9 ( { g ( r ) | r  e [ 0 , 1 ] } )  < H2( a , P )  +
H
2 • diam H( f ( [ 0 , l ] ) ) .
P r o o f : L e t  a ( f , t )  be  t h e  c o n t in u o u s  f a m i ly  o f  o r d e r  a r c s  in d u c e d  by
f  a s  i n  Lemma 2 . 3 .  Then , a ( f , Q )  = { { f ( 0 ) } }  and a ( f , l )  i s  an o r d e r
a r c  s t a r t i n g  a t  f (1 )  = p CO) and e n d in g  a t  u f ( t )  => a ( 0 ) .  D e f in e
t < l
g : [0 , 1 ] — ► At  by 
g ( r )  =
Note t h a t  g ( 0 )  = a ( f , 0 )  = a ,  g ( j )  » ( o ( f ,  D V ^ V j B  = a ( f , D V j U ,
and g ( l )  -  ( a ( f  , l ) V 1a)V (jp = P so g< [ 0 . 1 ] )  i s  a  p a t h  from a  t o  p
a ( f , 2 r ) V 1a , i f  0 < r  C 1/ 2 ,
( a C f , l ) V i a )V2_ 2r P, i f  1 /2  < r  < 1 .
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2 2 i n  At> We m ust show f o r  s < t ,  H ( g ( s ) ,  g ( t ) )  < H (a» S )  +
2 • d iam H( f ( [ 0 , I ] ) ) .
CASE l i 0 < s < t  < j
H2( g ( s ) , g ( t ) )  < d i a m „ ( f ( [ 0 , 1 ] ) )  by Lemma 2 .3  and t h e  f a c t  t h a tH
H2 ( o c ( f ,2 s ) V ja ,  a ( f , 2 t ) V 1a )  = H2( a ( f , 2 s ) ,  a ( f , 2 t ) ) „
CASE 2 : j  < s  < t  < 1
H2( g ( s ) ,  g ( t ) )  < H2 (g [-~ ) ,  g ( l ) )  = H ^ a t f . D V j a ,  0) by Lemma 2 .4 ,  
and H2 ( a ( f , 1 ) V  a ,  3 )  < H2( a ( f , 1 j V ^ . a )  +  .H2 (c t ,S )  < 
d iam ^ C f( [ 0 , 1 ] ) )  + H2 ( a , 0 )  by Case 1.
CASE 3 : 0 < s < Y < t <  1*
H2( g ( s )  , g ( t ) )  < H2( g ( s )  ,g ( - |)  ) + H2( g ( - | ) ,  g ( t > )
< d iam H( f ( [ 0 , l ] ) )  + d iam H( f ( [ 0 , l ] ) )  + H2( a , 0 )
b y  C ases  1 and 2 .
T h is  c o m p le te s  t h e  p r o o f  o f  t h e  lemma. []
We now b e g in  t h e  p r o o f  o f  Theorem 2 . 1 .  Suppose A^ , h a s  any one  o f  
t h e  p r o p e r t i e s  ( a )  t h ro u g h  ( d ) .  S in c e  t h e  e v a l u a t i o n  map
! A^ — ► p  ^ ( t )  d e f i n e d  b y  e Q^a  ^ = 3 c l o s e d  map, i t
p r e s e r v e s  p r o p e r t i e s  ( a )  and ( b ) .  eg i s  a l s o  m o n o to n e ,  and Bing [1] 
has  shown m onotone maps p r e s e r v e  p r o p e r t i e s  ( c )  and ( d ) .  C o n v e r s e ly ,  i f  
p * ( t )  h a s  p r o p e r t y  ( a )  o r  ( b ) ,  t h e n  so  d o e s  A by  Lemma 2 .5 .  
Suppose p * ( t )  h a s  p r o p e r t y  ( c )  o r  ( d ) .  We w i l l  show A d o e s  a l s o  
by  show ing t h a t  i f  p * ( t )  i s  h e r e d i t a r i l y  in d e c o m p o s a b le ,  t h e n
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e 0 ! ^ t  ---- ^ 11 an(* h e n c e ,  a  homeoraorphism. I t  I s  known ( s e e
[ 1 8 ] )  t h a t  X i s  h e r e d i t a r i l y  in d e c o m p o s a b le  i f  and o n ly  i f  f o r  any 
K,M e C(X) f o r  w h ich  K n  M t  ifi, e i t h e r  K c  M o r  M c  K. Let 
a , 8 e and a ( 0 )  = 8 ( 0 ) .  We m ust show a ( r )  = 8 ( r )  f o r  a l l
r  s [ 0 , 1 ] .  Suppose  t h i s  i s  f a l s e .  Then , t h e r e  i s  an r  su c h  t h a t
a ( r )  £ P ( r ) .  S in c e  a ( r )  and 8 ( r )  b e lo n g  to  t h e  same W - le v e l ,
a ( r )  4  8 ( r )  and 8( r )  4  u ( r ) .  D e f in e  E^ = {K s  y * ( t )  J k  c  a ( r ) }  and
E = {M e y * ( t ) |M  c  8( f ) } .  T hen , E and E„ b e lo n g  top a  p
C(y ^ ( t ) )  and E n Efl * d> ( b o t h  c o n t a i n  a ( 0 )  = 8 ( 0 ) ) .  H ence , s i n c e  a  y
y * ( t )  i s  h e r e d i t a r i l y  i n d e c o m p o s a b le ,  . Eq e  Eg o r  Eg <= Eq . B u t ,
t h i s  i s  i m p o s s i b l e  s i n c e  a ( r )  4  8 ( r )  and 8( r )  4  o t(r)  i m p l i e s  t h e r e
e x i s t s  x  e a ( r ) ,  y e 8 ( r )  w i th  x  |£ 8( r ) ,  y  fc a ( r ) .  So, t h e r e  e x i s t s
K e E , M e E_ w i t h  x  e K, y  e M so K I 0 , M £ E . T h is  c o n t r a ­ct 8 8 a
d i c t i o n  shows a ( r )  = 8 ( f )  f o r  a l l  r  so eQ i s  1-1 and a  horaeo- 
m orph ism . T h is  c o m p le te s  t h e  p r o o f  o f  Theorem 2 . 1 ,  p r o p e r t i e s  ( a )  
th r o u g h  ( d ) .
B e fo re  c o m p le t in g  t h e  p r o o f  o f  Theorem 2 .1  w i t h  r e s p e c t  to  p r o p e r ­
t i e s  ( e )  and ( f ) ,  we e s t a b l i s h  a  few lemmas w hich  have some i n t r i n s i c  
i n t e r e s t .
Lemma 2 . 6 : I f  y * ( [ t , l ] )  i s  c o n t r a c t i b l e ,  t h e n  e ^  : — ► y * ( t )
I s  a  hom otopy e q u i v a l e n c e .
P r o o f : I t  s u f f i c e s  t o  show t h e r e  i s  an em bedding g : y ^ ( t )  ——*■ A^ .
s u c h  t h a t  eQ o g I s  t h e  i d e n t i t y  on y ^ ( t )  s i n c e  i t ' s  e a s y  t o  show
( u s i n g  t h e  a t t a c h i n g  o p e r a t i o n  V) g o eQ I s  h o m o to p ic  to  th e
I d e n t i t y  on At . L e t  h : y * ( [ t , l ] )  x [ 0 ,1 ]  — ► y * ( [ t , l ] )  be  a
c o n t r a c t i o n  w i t h  h ( K , l )  = {X} f o r  a l l  K e y  * ( [ t , l ] ) .  L e t
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K e  p ^ ( t )  be  f i x e d  and n o te  t h a t  h ( K ,« )  : [ 0 ,1 ]  — ► y  * ( [ t , l ] )  i s  a
map and so i n d u c e s  an o r d e r  a r c  g ( K ) .  S in c e  h(K , 1) = {X}, g(K ) e  A^.. 
H ence , g  : y * ( t )  — ► At  i s  t h e  d e s i r e d  em bedd ing . []
C o r o l l a r y  2 . 7 : X i s  c o n t r a c t i b l e  i f  and o n ly  i f  A^ and C(X) a r e
c o n t r a c t i b l e .
P r o o f ; Suppose A^ and C(X) a r e  c o n t r a c t i b l e .  Then X i s  c o n t r a c ­
t i b l e  by Lemma 2 . 6 .  I f  X i s  c o n t r a c t i b l e ,  t h e n  C(X) i s  c o n t r a c t i b l e
so  by Lemma 2 . 6 ,  Aq i s  c o n t r a c t i b l e .  []
We w i l l  show l a t e r  i n  t h i s  c h a p t e r  t h a t  t h i s  i s  t h e  s t r o n g e s t
p o s s i b l e  r e s u l t  by  g i v i n g  an exam ple  o f  a  s p a c e  X w h ich  i s  n o t  con­
t r a c t i b l e  b u t  f o r  w hich  Aq i s  c o n t r a c t i b l e .
Lemma 2 . 8 : I f  y * ( t )  i s  c o n t r a c t i b l e ,  t h e n  At  i s  c o n t r a c t i b l e .
P r o o f : L e t  h  : y ^ ( t )  x [ 0 , 1 ]  — ► y ^ ( t )  be  a  c o n t r a c t i o n  w i th
h ( K ,0) = K and h ( K , l )  = ft f o r  each  K e y * ( t ) .  For
K e y  * ( t ) ,  { h ( K , s ) | 0  < s  < 1} in d u c e s  a  c o n t i n u i o u s  f a m i l y  o f  o r d e r
a r c s  w hich  we d e n o te  by  oi(K ,s) ( s e e  Lemma 2 .3 )  w here
a ( K , s ) ( 0 )  = h ( K , s )  and a ( K , s ) ( l )  = u h ( K , ( l  -  r )  • s ) .  D e f in e
a  a r<1
h  : A x [ 0 ,1 ]  — ► A by  n ( p , r )  = a ( p ( 0 ) , r ) V j p  f o r  e a c h  p e At .
I t ' s  e a s y  t o  s e e  ft i s  a map and ft(A , 1 )  c  A = (v  e A |v ( 0 )  = ft}
c ft c
w h ic h  i s  c o n t r a c t i b l e .  T hus ,  A^ i s  c o n t r a c t i b l e .  []
Lemma 2 . 9 :  (S e e  [ 1 8 ] ,  p .  52) L e t  Y b e  a  c o n t in u u m .  I f  2 i s  a
l o c a l l y  c o n n e c te d  su b c o n tin u u m  o f  C(Y) s u c h  t h a t  U a  e 2 f o r  any
su b c o n tin u u m  a  o f  2 ,  t h e n  2 i s  an AR.
Lemma 2 .1 0 :  I f  y * ( t )  i s  l o c a l l y  c o n n e c t e d ,  t h e n  y * ( [ t , l ] )  i s  an  AR.
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P r o o f : S in c e  p * ( t )  i s  l o c a l l y  c o n n e c t e d ,  i s  l o c a l l y  c o n n e c te d
by  Theorem 2 . 1 ( a ) .  H ence , x [ 0 ,1 ]  i s  a l s o .  D e f in e  
h : Afc x [ 0 ,1 ]  — ► p ^ [ t . l ] )  by  h ( a , r )  =■ a ( r )  f o r  a  e At . S in c e  h
i s  a  c l o s e d ,  s u r j e c t i v e  map, p ^ ( [ t , l ] )  i s  l o c a l l y  c o n n e c t e d .  By
Lemma 2 . 9 ,  p ^ ( [ t , l ] )  i s  an  AR. []
I f  Y i s  a  c o n t in u u m ,  t h e n  l e t  = {A c  Y | A h a s  a t  m ost n
p o i n t s } .  N o t i c e  t h a t  F j ( ^ )  « Y.
Lemma 2 . 1 1 : I f  p ^ ( t )  i s  l o c a l l y  c o n n e c t e d ,  t h e n
r(p- 1( [ t , l ] ) )  -  {a  e r ( X ) | a ( 0 )  e P _ 1( [ t , l ] ) }  i s  an  AR.
P r o o f : C l e a r l y ,  T(p  * ( [ t , l ] ) )  i s  l o c a l l y  c o n n e c te d  so C ( r ( p  * ( [ t , l ] ) ) )
i s  an  AR. We c a n  u se  t h e  same a rgum en t a s  i n  Lemma 3 .3  o f  [1 0 ]  to  show 
F 1 ( r ( p ” 1 ( [ t , l ] ) ) )  i s  a  r e t r a c t  o f  C(T(p 1( [ t , l ] ) ) )  and t h e r e f o r e ,  an 
AR. []
We may now show t h a t  A i s  an  ANR (AR) i f  and o n ly  i f  p * ( t )
i s  an  ANR (AR). Suppose A i s  an  ANR. Then i t ' s  l o c a l l y  c o n n e c te d
so  p ^ ( t )  i s  l o c a l l y  c o n n e c te d  by Theorem 2 . 1 ( a ) .  By Lemma 2 .1 0 ,
p ~ * ( [ t , l ] )  I s  an  AR and h e n c e ,  c o n t r a c t i b l e .  As I n  t h e  p r o o f  o f
Lemma 2 . 6 ,  t h e r e  e x i s t s  an  embedding g : p * ( t )  — ► Afc su c h  t h a t  eg o g 
i s  t h e  i d e n t i t y  on p * ( t ) .  L e t  Y b e  any  m e t r i c  s p a c e ,  A c  Y c l o s e d ,  
and  f  : A — p ^ ( t )  a  map. Then , g o f  : A — *■ A h a s  an  e x t e n s i o n  
( g  o f ) A :  U — *■ A w here  A c  U open  i n  Y. I t ' s  c l e a r  t h a t  e g  o
(g o f ) A : U —► p ^ ( t )  i s  t h e  d e s i r e d  e x t e n s i o n  o f  f  so p ^ ( t )  i s
an ANR. Now s u p p o s e  p * ( t )  i s  an  ANR. T h e re  e x i s t s  an open  s e t  
U c  p” * ( [ t , l ] )  and a  r e t r a c t i o n  r  : U — ► p- 1 ( t ) .  D e f in e  
g : (U x { 0 ,1 } )  U (p _ 1( t )  x [ 0 , 1 ] )  — v p- 1( [ t , l ] )  by g ( K ,0 )  = K ,g ( K , l )  =
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r(K )  f o r  a l l  K e U and g ( K , s )  « K f o r  ( K ,s )  e y 1 ( t )  x [ 0 , 1 ] .  
S in c e  y * ( [ t , l ] )  i s  an  AR and (U x { 0 ,1 } )  u (y  * ( t )  x [ 0 , 1 ] )  i s  
c lo s e d  in  U x [ 0 , 1 ] ,  g h a s  an e x t e n s i o n  g : U x [ 0 ,1 ]  — *■ y * ( [ t , l ] ) .  
Note t h a t  f o r  K e U, { g ( K , s ) | 0  < s <, 1} i s  a  p a th  i n  y * ( [ t , l ] )  from
g ( K ,0) = K to  g ( K ,1) = r (K ) e y * ( t ) .  T h is  in d u c e s  an o r d e r  a r c
a ( K )  w i th  a , ( K ) ( 0 ) = r (K )  and a  ( K ) ( l )  =» K ( t h i s  i s  s i m i l a r  to  th e
A A A
g g s
c o n s t r u c t i o n  i n  Lemma 2 . 3 ) .  L e t  O = {g e T(y ^ ( [ t , l ] ) )  |g ( 0 )  e U}. 0
i s  open i n  T(y * ( [ t , l ] ) )  and s o ,  i s  an  ANR. W e ' l l  d e f i n e  a 
r e t r a c t i o n  R : 0 — *■ A ^. As i n  th e  p r o o f  o f  Lemma 2 ,6 ,  t h e r e  i s  an 
embedding h : y - 1( [ t , l ] ) — ► {g e r (y  1( [ t , l ] ) )  | g ( l )  ■= {X}} such  t h a t  
eQ o h i s  t h e  i d e n t i t y  on y 1( [ t , l ] ) .  R : O —► At  i s  d e f i n e d  by
U y )  = otA( T (0 ) ) V 1 y Vj h (Y < l) )  
g
S in c e  a A( Y ( 0 ) ) ( l )  => y ( 0 ) ,  c*a < y ( 0 ) ) V ^ y  i s  w e l l - d e f i n e d .  A ls o ,  s i n c e  
g g
Y ( l )  = h ( Y ( l ) ) ( 0 ) ,  Y V j h ( y ( l ) )  i s  w e l l - d e f i n e d .  S in c e  R i s  a  compo­
s i t i o n  o f  m aps, i t ' s  c o n t i n u o u s .  F u r t h e r ,  R ( y ) ( 0 )  = o a ( y ( 0 ) ) ( 0 )  =
g
r ( Y ( 0 ) )  e M_ 1( t )  and R ( y ) ( l )  = h ( Y ( l ) ) ( l )  = {X} so R (y)  e At . I t  i s  
e a s y  t o  see  R i s  t h e  i d e n t i t y  on so At  i s  a  r e t r a c t  o f  O and
h e n c e ,  an ANR. T h is  p ro v e s  Theorem 2 . 1 ( e ) .  Theorem 2 . 1 ( f )  f o l lo w s
from Theorem 2 . 1 ( e ) ,  Lemma 2 .6 ,  and Lemma 2 .8 .  T h is  c o m p le te s  th e  p ro o f  
o f  Theorem 2 .1 .  []
I f  f  : X — ► X I s  a map, t h e n  f  in d u c e s  a map 
£ : C (X )  —*■ C (X )  d e f i n e d  by £(K) = { f ( x )  |x  e K} w hich  in d u c e s  a  map 
f  : r ( X )  —► T ( X )  d e f i n e d  by f ( a )  = { £ ( a ( t ) ) | t  e [ 0 , 1 ] } .  F u r th e r m o r e ,  
i f  c > 0 and d ( f ( x ) , x )  < e f o r  a l l  x  e X,  t h e n  H (£(K ),K ) < e f o r  
a l l  K e C(X)  and H2( f ( a ) , a )  < e f o r  a l l  a  t  F ( X ) .  Bing [2] has
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shown a l l  Peano c o n t in u a  adm it  a  convex  m e t r i c .  I f  X i s  a Peano con­
t in u u m , th e n  d w i l l  a lw ays d e n o te  a  convex m e t r i c .  For each
M e C (X ), d e f i n e  c (M , t )  = { x |d (x ,M )  < t}  and
c (M , t )  = { c ( M ,s ) |0  < s < t } .  When d i s  c o n v e x ,  c ( M , t )  i s  an o r d e r  
a r c  from M t o  c (M ,t )  and i s  c a l l e d  th e  o r d e r  a rc  in d u ce d  by convex 
g r o w th .
We now b e g in  t h e  p ro o f  o f  Thoerem 2 .2 ,  u s in g  T o ru n c z y k 's  c h a ra c ­
t e r i z a t i o n  of B}-manifolds (Theorem 1 . 5 ) .  T here  a re  two c a s e s :  E i t h e r
X a d m i ts  an open embedding o f  [ 0 ,1 )  o r  i t  d o e s n ' t .  However, we f in d  i t  
c o n v e n ie n t  to  f i r s t  p rove  th e  f o l lo w in g  s t a t e m e n t  w hich o v e r l a p s  t h e s e  
two c a s e s .
CLAIM: I f  X h a s  a t  l e a s t  two u n s t a b l e  p o i n t s ,  t h e n  i s  a  I}-
m a n i f o ld .
L e t  p ,q  e X be two u n s t a b l e  p o i n t s  and l e t  e > 0 . S in c e  X i s
l o c a l l y  c o n n e c t e d ,  t h e r e  e x i s t s  0 < 6 < e s u c h  t h a t  i f  d ( x , y )  < 6 ,
t h e n  t h e r e  i s  a  p a th  from x  to  y o f  d i a m e te r  l e s s  th a n  e .  L e t  
f  : X —» - X - { p , q } b e  th e  Induced  map. L e t  gp , g q : [ 0 ,1 ]  —*■ X be maps 
w i t h  gp ( 0 ) , g q ( 0 )  e f ( X ) ,  gp ( l )  = p ,  g q ( l )  = q and d iam (g p ( [ 0 , 1 ] ) )  < e ,  
diam  ( g q ( [ 0 , l ] ) )  < e .  I f  6 i s  c h o se n  s u f f i c i e n t l y  s m a l l ,  we can be
s u r e  t h a t  p jt  g ( [ 0 , 1 ] )  and q £ g ( [ 0 , 1 ] ) .  H ence , i f  a  and a
H r r M
a r e  t h e  o r d e r  a r c s  in d u c e d  by gp and g q r e s p e c t i v e l y ,  th e n
a  ( 0 ) ,  a  (0 )  e f ( X ) ,  p i  a  ( 1 ) ,  and q £ a _ ( l ) »  D e f in e  h j , h 2 : p q q p
A0 - A 0 by
hj (a)  = f (a)V1apV1c(f(X)  u ap( l ) , l )
h2(a) = f ( a )V1aqV1c(f (X)  u aq( l ) , l )
2
Then, H ( h ^ ( a ) , a )  < e f o r  each  a  e Aq and i  = 1 ,2 ,  and
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hjCAg) n h 2 (AQ) -  0 s i n c e  p t  f (X )  u a q ( l )  and q i  f (X )  u a p ( l ) *  By 
Theorem 1 . 5 ,  Aq i s  a  I J -m a n i fo ld . T h is  c o m p le te s  t h e  p r o o f  o f  t h e  
c l a i m .
CASE 1 i X d o e s  n o t  a d m it  an  open  em bedding o f  [ 0 , 1 ) .
I t  i s  r o u t i n e  to  show t h a t  f o r  e v e r y  e > 0 ,  t h e r e  e x i s t s  a  f i n i t e  
f a m i l y  o f  h o ra o to p ie s  { h ^ J i  = 1 , 2  n} o f  X s u c h  t h a t :
( 1 ) h j j x x { 0} =  i d e n t i t y  f o r  e a ch  i ;
( 2 ) d i a m ( { h ^ ( x , t ) | t  e [ 0 , 1] } )  < e f o r  e a ch  i  and e a ch
x e X;
( 3 )  Each x  e X i s  moved by some h^ ( i . e .  t h e r e  e x i s t s  j
and s su c h  t h a t  h j ( x , s )  t  x ) ;
( 4 )  Each h^ i s  s u p p o r t e d  on a  s e t  o f  d i a m e te r  l e s s  t h a n  2 e .
L e t  e > 0 and f i n d  h o m o to p ie s  { h ^ | i  = 1 , . . . , N )  s a t i s f y i n g  ( 1 )
t h r o u g h  ( 4 )  a b o v e .  F o r  e a c h  x  e X and i  = 1 , 2 , . . . , N ,
{ h ^ ( x , s ) | 0  < s < 1} i s  a p a th  o f  d i a m e te r  l e s s  t h a n  e ,  and f o r  some
j ,  i s  n o n d e g e n e r a te  by  ( 3 ) .  I f  o  . d e n o te s  t h e  o r d e r  a r c  in d u ce d  byx , l
t h e  i fck p a t h ,  t h e n  i t  h a s  d i a m e te r  l e s s  t h a n  e ,  and f o r  some j ,  i s
n o n d e g e n e r a t e .  L e t  0 ,y  e Aq and su p p o se  “ 3 ( 0 ) j  = ^ T ( 0 ) » e / 2 )  f o r
some j .  T hen , bd(N ( 0 ( 0 ) ) )  i s  d e g e n e r a t e  f o r  e a c h  t  e [ 0 , 1 ]  so
t#f
t h a t  x : [ 0 , 1 )  —► X d e f i n e d  by i r ( t )  = bdfN ( 0 ( 0 ) ) )  i s  an  open
t - ~  c 2
em bedding o f  [ 0 , 1 )  i n t o  X. T h is  c o n t r a d i c t s  o u r  a s s u m p t io n  and so 
th e  f o l l o w i n g  o r d e r  a r c s  a r e  d i s t i n c t ,  n o n d e g e n e r a te  o r d e r  a r c s  s t a r t i n g  
a t  0 ( 0 ) and h a v in g  d i a m e te r  l e s s  t h a n  e :
a 0 ( O ) , l Vl (X0 ( O ) ,2 Vl **• Vl a 0 (O ),N
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and;
Ad( e (o) ,  j )
D e f in e  : ^ 0
hjCP) = a
and
h 2 <0 ) = c ( 0 (O ) ,
2
H (h j( f3 ) , f i )  < € f o r  e ach  0 e  Ag and j  = 1 ,2 .  F u r th e rm o re
hiCAfl) n h2 CAQ> = 0 s i n c e  f o r  e a ch  0 ,y  e A g ,  t h e  bo t tom  p a r t  o f
w h e re as  t h e  bo t tom  p a r t  o f  h^Cy) i s .  Hence, h j ( 0 )  *  h 2( y ) . By 
T o r u n c z y k 's  theo rem  (Theorem 1 . 5 ) ,  Ag i s  a  I ) -m a n ifo ld .
CASE 2 ; X a d m i ts  an open  embedding o f  [ 0 , 1 ) .
T here  e x i s t s  an open embedding h : [ 0 , 1 )  —► X Buch t h a t  h ( 0 )  *= p .  
I t ' s  e a s y  t o  see  t h a t  p i s  an  u n s t a b l e  p o i n t  o f  X. I f  X has  
a n o th e r  u n s t a b l e  p o i n t ,  th e n  Ag i s  a  ity-manifold by t h e  c la im  
p r e c e e d in g  Case 1. So assume p i s  t h e  o n ly  u n s t a b l e  p o i n t  o f  X. Let 
e > 0 and choose  0 < 6 < e s u f f i c i e n t l y  sm a l l  so t h a t  g : X —► X 
d e f in e d  by
hjCB) i s  n o t  convex g row th  ( s i n c e  ^ ( q )  j  *  c [ y ( 0 ) ,  y )  f o r  e a c h  j )
g ( x )  = h ( t )  
h ( 6 )
x i f  x  e X -  h ( [ 0 , 1 ) ) ,
i f  x  = h ( t )  f o r  some t  > 6 ,
i f  x  e h ( [ 0 , 6 ] ) .
s a t i s f i e s  d ( g ( x ) , x )  < e f o r  each  x  e X. Then , g(X ) c  X -  { p } ,  no
25.
p o i n t  o f  g(X ) h a s  an open  n e ig h b o rh o o d  o f  t h e  form [ 0 ,1 )  i n  X, and
no p o i n t  o f  g(X) i s  u n s t a b l e  i n  X. We can  now a p p ly  a  s i m i l a r
a rgum en t a s  i n  Case 1 t o  th e  p o i n t s  o f  g ( X ) .  L e t  { h ^ | i  = 1 , 2 , . . . , N }
be ho rao top ies  o f  X a s  i n  Case 1, ag ( x ) i  t 'ie  in duced  o r d e r  a r c s  f o r
e a c h  i ,  and c ( g ( x ) ,  ^ ) th e  convex o r d e r  a r c s  where convex grow th
t a k e s  p l a c e  i n  X. As i n  Case 1, f o r  e a c h  x , y  e X, c ( g ( x ) ,  y )  and
n / \ ,V ,a  , « „V, . . .  V .a , . „  a r e  d i s t i n c t  o r d e r  a r c s  o f  d ia m e te rg ( y ) , l  1 g ( y ) . 2  l l  g ( y ) ,N
l e s s  th a n  e .  D e f in e  : Aq —*■ Aq by
h l CP) = a g ( 3 ( 0 ) ) , l Vl  Vl°g C B (0 ) ) ,N Vl®( 3 )Vl c ( s ( X ) , 1 )
and
h 2 ( e )  = c ( g ( 3 C 0 ) ) ,  | ) v i g (P )V 1c ( g ( X ) t l ) .
2
T hen , H ( h ^ ( a ) , a )  < e  f o r  each  a  e Aq and i  = 1 ,2 ,  and
h i ( A Q) n ^ 2 (Aq) -  0 .  By T o ru n c z y k 's  th eo rem  (Theorem  1 . 5 ) ,  Aq i s  a  Ij-
m a n i f o ld .  T h is  c o m p le te s  th e  p ro o f  o f  t h e  f i r s t  s t a t e m e n t  in  Theorem
2 .2 .  To p rove  th e  second  s t a t e m e n t ,  n o te  t h a t  s i n c e  Aq i s  a  J[- 
r a a n l f o ld ,  A q  »  A q  x 1} ( [ A ] ) .  (eQ x i d )  :  A q  x J) — t- X  x J j  d e f in e d  by 
(eQ x i d ) ( a , q )  = ( a ( 0 ) , q )  i s  an AR-map and h e n c e ,  a  near-horaeomorphism  
( [ 4 ] ) .  Thus, Aq « Aq x p *a X x 1}. T h is  c o m p le te s  t h e  p r o o f  o f  Theorem
2. 2 . []
I n  g e n e r a l ,  we do n o t  know when Aq X x |}. I f  X I s  h e r e d i ­
t a r i l y  In d ec o m p o sa b le ,  t h e n  by Theorem 2 . 1 ( d ) ,  Aq i s  a l s o ,  so 
Aq j4 X x fl). A no ther  exam ple o f  such  a  s p a c e  i s  g iv e n  b e low . T h is  i s  an 
exam ple  o f  a  s p a c e  X w hich  i s  n o t  c o n t r a c t i b l e  b u t  f o r  w hich  Aq i s  
c o n t r a c t i b l e  ( s e e  C o r o l l a r y  2 . 7 ) .
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EXAMPLE: L e t  X be  th e  f o l lo w in g  su b sp a c e  o f  th e  p la n e :
(0, 1)
(°»°)
( ' ) » )
C l e a r l y ,  X i s  n o t  c o n t r a c t i b l e .  We w i l l  show Aq i s  c o n t r a c t i b l e .
L e t  P be th e  p o s i t i v e  f a n  in  X, l e t  N
n e g a t i v e  f a n ,  and l e t  [—1 r 1 ]
I n t e r v a l s  c o n t a i n i n g  { ( - 1, 0 ) , ( 1 , 0 ) } ,  { ( - 1 , 0 ) , ( 0 , 0 )}  and 
{ ( 0 , 0 ) , ( 1 , 0 ) }  r e s p e c t i v e l y .  We w i l l  c o n t r a c t  AQ by d e fo rm in g  i t  to  a 
s e t  Aj w i th  6q(A^) = [ - 1 ,0 ]  U P ,  t h e n  de fo rm  Aj t o  a  s e t
w i th  = ancI f i n a l l y ,  deform  A2 t o  a  s e t  A3 w i t h
e 0^A3^ “  (0*0)* By Theorem 1 .4 ,  A3 i s  c o n t r a c t i b l e  so  Aq i s
c o n t r a c t i b l e .  We show how t o  deform  Aq t o  Aj s i n c e  th e  o t h e r  d e f o r ­
m a t io n s  can  be  d e f i n e d  s i m i l a r l y .  L e t
0 < £ < | ,  L = {a e An | a ( 0 )  e N -  [ - 1 , 0 ] } ,  and Ol be  an e -
+ [0 ,1 ]  b e  a U rysohn f u n c t i o n  w i th
2 *  “  0
n e ig h b o rh o o d  o f  L, L e t  f  : A
f _ 1( 0 )  = An -  0 T and f  * (1 )  = N, th e  c l o s u r e  o f  L. N o t i c e  t h a tU L
e . ( 0 .  ) = N u [ 0 , c ) .  D e f in e  a  f u n c t i o n  h : X x [ 0 ,1 ]  —► X by
U L
h | x  x {0 } = I d e n t i t y ,  h ( x , t )  = x  f o r  x t  Cq(Ol ) , and l e t  h  c o l l a p s e
N t o  ( - 1 , 0 )  t a k i n g  [ 0 , e ]  o n to  [—1, e ] .  For x  e X,
{ h ( x , s ) | 0  < s < 1} i s  a  p a th  so in d u c e s  a  c o n t in u o u s  f a m i ly  o f  o r d e r  
a r c s  a s  i n  Lemma 2 .3  w hich  we d e n o te  by a ( x , t ) .  I f  x  e N, th e n
a ( x , l ) (0 )  -  ( - 1 , 0 ) .  D e f in e  ft : A . * [ 0 ,1 ] a0 by
6 ( 0 , t )  = a ( 0 ( O ) , t  • f ( 3 ) ) V jB
I f  0 /£ Ol , t h e n  f ( 0 )  = 0 so 6 ( 0 , t )  = = 0 f o r  a l l  t .
I f  0 e  N, t h e n  f ( 0 )  = 1  so 6 ( 0 , 1 )  = a ( 0 ( O ) , l ) V j 0  i s  an  e le m e n t  o f  
Aq s t a r t i n g  a t  ( - 1 , 0 ) .  H ence , e Q( 6 (A0 , l ) )  = [ - 1 , 0 ]  u P.
CLAIM: 6 i s  a  map.
Suppose ( P j t ) *  We c o n s i d e r  t h r e e  c a s e s :
CASE 1: 0 e O,
Li
T hen , t h e r e  e x i s t s  N s u c h  t h a t  n  > N i m p l i e s  0 e 0  son L
Bn ( 0 )  e N u [ 0 , e ) .  S in c e  h  i s  c o n t in u o u s  when r e s t r i c t e d  to  
N u [ 0 , e ) ,  i t  f o l l o w s  t h a t  6 ( 0 n , t n ) —► 6 ( 0 , t ) ,
CASE 2: 8 £ 0 7
1_ L
T hen , t h e r e  e x i s t s  N s u c h  t h a t  n  > N i m p l i e s  0n d  so
6(0n , t n ) = -*■ 0 = 6 ( 0 , t ) .
CASE 3: 0 l i e s  on t h e  b o u n d a ry  o f  °L*
T hen , f ( 0 )  = 0  so  6 ( 0 , t )  = 0 .  A l s o ,  f ( 3 n ) —*• 0 so
d ia m „ (a ( 0  ( 0 ) ,  t  * f (B  ))>  -+  0 so H2 ( 6 ( 8 , t  ) , 3  ) -*■ 0 .  S in c en n n n n n n
0n 0 , 6 (Bn , t n ) -*• 0 = 6 ( 0 , t ) .  T h is  p r o v e s  t h e  c la im  so Aq i s  
c o n t r a c t i b l e .
In  t h e  above  e x a m p le ,  Aq i s  c o n t r a c t i b l e  a l t h o u g h  X i s  n o t .  
H ow ever, i t ’ s  e a s y  t o  s e e  X h a s  t r i v i a l  shape  [ 1 6 ] .  In  t h e  r e m a in d e r
o f  t h i s  c h a p t e r ,  we show X and Aq a lw ays  have  t h e  same s h a p e .
r  00An i n v e r s e  s e q u e n c e  n= l 3 s e 1u e n c e  s p a c e s  and
m appings f ^  : —*■ Y^. The s p a c e s  YR a r e  c a l l e d  c o o r d i n a t e  s p a c e s
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t  «. 00
and th e  maps f n a r e  c a l l e d  bond ing  m ap s . I f  ^ n ’^n n**l an
00
I n v e r s e  s e q u e n c e ,  t h e n  th e  i n v e r s e  l i m i t  o f  {Y , f  } , ,  d e n o te d  .......— —  —  n n  n - l
00
Lim{Y , f  } ,  i s  t h e  s u b s p a c e  o f  n Y ( w i t h  t h e  p r o d u c t  to p o lo g y )■ ■ n fi , nn= l
g i v e n  by :
CO
{< y1 »y2 »***»yn »***) e n YJ f n ( y n + i ? = yn  f o r  e a c h  n =
n = l
We w i l l  c o n c e rn  o u r s e l v e s  w i th  i n v e r s e  s e q u e n c e s  whose c o o r d i n a t e  s p a c e s  
a r e  c o n t i n u a .  I f  f  : X —► Y I s  a  map o f  c o n t i n u a ,  th e n  we have se en  
t h a t  f  I n d u c e s  maps £ : C(X) — C(Y)  and f  : T(X) —► T (Y ) .  I f  f
i s  o n t o ,  t h e n  f  |Aq(X) : Aq(X) —*• Aq(Y) ' w here  Aq (X)(Aq (Y ))  d e n o te s
t h e  s p a c e  o f  m axim al o r d e r  a r c s  i n  C (X )(C (Y ))  and th e  v e r t i c a l  l i n e
d e n o t e s  r e s t r i c t i o n .  The n e x t  th eo rem  i s  due t o  J .  S eg a l  b u t  we r e f e r
t h e  r e a d e r  t o  [ 1 8 ] ,  p .  171, f o r  a  p r o o f .
Theorem 2 .1 2 :  L e t  X b e  a  con tin u u m  and assum e X = Lim{X , f  } w here— ..... ..  ■ ■»------  n  n
e a c h  X^ i s  a  c o n t in u u m . T hen , C(X) » Lim{C(Xn ) , ^ n } .
The homeomorphisra h  : Lim{ C(X^) , ~ C ( X )  i s  d e f i n e d  by
h C C K j .K j j , . . . ) )  -  Iilm[K1 >f 1 lK1 1 1 } .
* £S i m i l a r l y ,  we can  d e f i n e  a  homeomorphism h : |d.m{C(C(Xn ) )  , i n ) —*■
C(C(X)) by
h ( ( o 1 , o 2 , . . . ) )  * Lim{cri ,F1 |o :L+1} ,
w h ere  £ : C(C(X . , ) ) —► C(C(X ) )  i s  in d u c e d  by i  .  Note  t h a t  n  n + i  n  n
a
f  = f  I r ( X . , ) .  T hen , {T(X ) , f  } i s  a  w e l l - d e f i n e d  I n v e r s e  s e q u e n c en n 1 n+ i  n  n
and i f  we assum e th e  b o n d in g  maps a r e  o n to  (w h ich  we may do
w i t h o u t  l o s s  o f  g e n e r a l i t y ) ,  t h e n  {An (X ) , f  iA -( X . , ) }  i s  a  w e l l -0 n  n  * 0 n+l
d e f i n e d  I n v e r s e  s e q u e n c e  a l s o .  In  f a c t ,  h  ( Lim{T(Xn ) , f  = F(X) and
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h * ( ^Am{A0(Xn ) , f n |AQ(Xn+ 1)}} = AQ( X ) .  T h is  g i v e s  t h e  f o l l o w i n g  th e o re m .
Theorem 2 .1 3 :  I f  X i s  a  con tinuum  and X = Lim{X - f  } w i t h  o n to■ - ■*  n  n
b o n d in g  m aps ,  t h e n  T(X) ® L im { r (X ^ ) j f ^ }  and Aq(X) <* 
i i E fA0 (Xn>"? n l A0 <Xn + l » -
Theorem 2 . 1 4 : (S e e  [ 1 9 ] ,  p .  305 -306 )  Any m e t r i c  c o n tin u u m  i s
hom eomorphic to  an i n v e r s e  l i m i t  |d.m{Pn , f n } where t h e  PQ a re
c o m p a c t ,  c o n n e c te d  p o ly h e d r a  and t h e  b o n d in g  maps a r e  o n t o .
Theorem 2 . 1 5 : I f  X i s  a  c o n tin u u m , t h e n  X and Ag have t h e  same
s h a p e .
P r o o f : W r i t e  X = Lim{Pn , f ^ }  a s  i n  Theorem 2 .1 4 .  By Theorem 2 .1 3 ,
Aq (X) « Lim{AQ( pTi) »fn lA0 (p n | By Theorem 2 . 1 ( e ) ,  e a c h  AQ(P n ) i s
an  ANR and so d e t e r m i n e s  t h e  sh a p e  c l a s s  o f  Aq (X) [ 1 6 ] .  C o n s id e r  
t h e  f o l l o w i n g  d ia g ra m :
? 1 *2
W  "*— A0 ^P2 ) . . . .  * A0 ( X)
e 'J I 3' £ I 3’ £ I s”
1 2Pi  . . . . »  X
w h e re  e .  : A _ ( P , ) —*■ P. a r e  th e  e v a l u a t i o n  maps f o r  e a c h  i ,  t h e  1 □ 1 1
: p^ —► A q(P^) a r e  t h e i r  horaotopy i n v e r s e s  a s  d e f i n e d  i n  Lemma 2 . 6 ,  
and : A g ( X )  —*■ X i s  th e  e v a l u a t i o n  map and i s  i n d u c e d  by t h e  e ^ .
S in c e  t h e  d ia g ra m  commutes up t o  hom otopy , X and A g ( X )  h a v e  t h e  same 
s h a p e . []
CHAPTER I I I  
W hitney  P r o p e r t i e s
A t o p o l o g i c a l  p r o p e r t y  P i s  s a id  t o  be  a  W hitney  p r o p e r t y  (W-
p r o p e r t y )  p r o v id e d  w henever X h a s  p r o p e r t y  P, so  d o e s  e ach  W - le v e l
f o r  a l l  W-maps d e f i n e d  on C (X ). W - p r o p e r t i e s  w ere  s t u d i e d  by a  number 
o f  m a t h e m a t i c i a n s  i n  t h e  s e v e n t i e s  ( s e e  [ 1 8 ] ,  c h a p t e r  14) and many 
p r o p e r t i e s  w ere  e s t a b l i s h e d  as  b e i n g ,  o r  n o t  b e i n g ,  W - p r o p e r t i e s .  In  
p a r t i c u l a r ,  K r a n s in k i e w i c z  and N a d le r  [14] a sk e d  i f  any o f  t h e  f o l l o w i n g  
a r e  W - p r o p e r t i e s :  ANR, AR, t r i v i a l  s h a p e ,  c o n t r a c t i b l e ,  and . a c y c l i c .
R ogers  [21] showed t h a t  b e in g  a c y c l i c  i s  a  W -p r o p e r ty  f o r  t h e  c l a s s  o f
1 - d im e n s io n a l  c o n t i n u a .  However, Ann P e t r u s  [ 2 0 ] ,  one  o f  h i s  s t u d e n t s ,  
showed t h a t  none o f  t h e s e  p r o p e r t i e s  a r e  W - p r o p e r t i e s  f o r  a l l  c o n t i n u a  
b y  g i v i n g  c o u n te r e x a m p le s  i n  e a c h  c a s e .  The s p a c e s  X i n  h e r  exam ples  
w ere 2- d i r a e n s i o n a l  and so t h e  q u e s t i o n s  r e m a in e d  open f o r  t h e  c l a s s  o f  
1 - d im e n s io n a l  c o n t i n u a .  The m ain  r e s u l t s  o f  t h i s  c h a p t e r  a r e :
Theorem 3 .1 :  The f o l l o w i n g  a r e  W - p r o p e r t i e s  f o r  t h e  c l a s s  o f  1 -
d im e n s io n a l  c o n t i n u a :
( a )  ANR;
( b )  AR;
( c )  T r i v i a l  s h a p e .
C o r o l l a r y  3 . 2 : I f  X i s  1 - d im e n s io n a l  and c o n t r a c t i b l e ,  t h e n  e a c h  W-
l e v e l  h a s  t r i v i a l  s h a p e .
T h u s , i t  i s  s t i l l  an  open  q u e s t i o n  w h e th e r  c o n t r a c t i b i l i t y  i s  a  W- 
p r o p e r t y  f o r  1 - d im e n s io n a l  c o n t i n u a  a l t h o u g h  we do know t h e  W - le v e l s  
h a v e  t r i v i a l  s h a p e .
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Theorem 3 . 3 ; I f  p * ( s )  h a s  one o f  t h e  f o l l o w i n g  p r o p e r t i e s ,  t h e n  so 
d o e s  p * ( t )  f o r  a l l  t  > s :
( a )  L o c a l l y  c o n n e c te d ;
( b )  P a th  c o n n e c te d ;
( c )  H e r e d i t a r i l y  in d e c o m p o s a b le ;
( d )  P s e u d o - a r c .
P r o o f ; We do  a l l  th e  p r o p e r t i e s  a t  o n c e .  I f  p * ( s )  h a s  one o f  t h e s e  
p r o p e r t i e s ,  t h e n  so d o e s  Ag b y  Theorem 2 . 1 .  L e t  t  > s and choose  
r  e ( 0 , 1 )  s u c h  t h a t  e  ( 8 ) = g ( r )  e p ^ ( t )  f o r  a l l  0 e  A . S in c e
L S
e  : A —► p * ( t )  i s  a  p r o p e r ,  m onotone map, i t  p r e s e r v e s  e a c h  o f  t h e s e
IT S
p r o p e r t i e s .  []
A l l  th e  r e s u l t s  i n  Thoerem 3 .3  a r e  known e x c e p t  ( b ) , w h ich  a n s w e rs  
a  q u e s t i o n  r a i s e d  by N a d le r  i n  [ 1 7 ] .  The f o l l o w i n g  r e s u l t  i s  a l s o  known 
a l t h o u g h  th e  p r o o f  g i v e n  h e r e  i s  s im p l e r  t h a n  t h a t  i n  t h e  l i t e r a t u r e .
C o r o l l a r y  3 . 4 : A l l  t h e  p r o p e r t i e s  i n  Theorem 3 .3  a r e  W - p r o p e r t i e s .
P r o o f ; F o l lo w s  from  Theorem 3 .3  w i t h  8 = 0 .  []
A co n tin u u m  X I s  s a id  t o  b e  l o c a l l y  u n i c o h e r e n t  a t  
JC e C(X) -  F j(X ) p r o v id e d  t h e r e  e x i s t s  e > 0 s u c h  t h a t  i f  M e  C(X) 
and H(K,M) < e ,  t h e n  <f> *  K n M e  C (X ). I f  X i s  l o c a l l y  u n i c o h e r e n t  
a t  e a c h  K e C(X) -  F ^ (X ) ,  t h e n  X i s  s a i d  to  b e  l o c a l l y  u n i c o h e r e n t .
Lemma 3 . 5 : I f  G i s  a  g r a p h ,  t h e n  G i s  l o c a l l y  u n i c o h e r e n t .
P r o o f ; Let  K e C(G) -  F ^ (G ) .  I f  K i s  a c y c l i c ,  th e n  c l e a r l y  G i s  
l o c a l l y  u n i c o h e r e n t  a t  K so  assum e K i s  n o t  a c y c l i c .  L e t
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{ e ^ | i  =.... 1 ........ n} and {v^ | j  = l , . . . , m }  be th e  s e t s  o f  e d g e s  and
v e r t i c e s ,  r e s p e c t i v e l y ,  i n  G and f o r  any M e C(G), l e t  M0 =
u^e i l e l  c  ^  u ^vj  lvj  e Choose e > 0 so t h a t  t h e  f o l lo w in g  c o n d i­
t i o n s  a r e  s a t i s f i e d :
( 1 )  I f  H(K,M) < e , th e n  K n  and;
( 2 )  i f  N (K) -  {x e G |d (x ,K )  < c } ,  t h e n  (N ( K ) )o = K .
CLAIM: I f  M e C(G) and H(K,M) < e ,  th e n  $ *  K n M e  C(G).
K n  by (1 )  and Me c  Kg by ( 2 ) .  I f  Mg = <j>, t h e n  M i s
c o n ta in e d  i n  t h e  i n t e r i o r  o f  an edge o f  G and K n  M e C(G) by ( 2 ) .  
Assume *  <{>. M i s  t h e  u n io n  o f  t o g e t h e r  w i t h  p a r t i a l  edges
m e e t in g  Mg a t  i t s  v e r t i c e s .  I f  one o f  t h e s e  p a r t i a l  edges  o f  M
m ee ts  one o f  K, th e n  one must be c o n ta in e d  In  t h e  o t h e r .  Hence, K n M 
i s  Me u n io n  t h e  i n t e r s e c t i o n  o f  t h e  p a r t i a l  edges  o f  M w i t h  K and 
I s  c o n n e c te d .  []
I f  X i s  a 1 -d im e n s io n a l  ANR, t h e n  X = ^ i m { ,r^ }  w here  th e  G^
a r e  g r a p h s , Gi +1 i s  o b t a in e d  from G^ by  t h e  a d d i t i o n  o f  a  s i n g l e
" s t i c k e r " ,  and r ^  : —*■ G_^  i s  a r e t r a c t i o n  w hich  c o l l a p s e s  th e
s t i c k e r  to  i t s  v e r t e x  ( t h i s  c h a r a c t e r i z a t i o n  i s  i n  th e  f o l k l o r e ) .  Note 
t h a t  a l l  t h e  c y c l e s  o f  X l i e  i n  G j .
P r o p o s i t i o n  3 . 6 : I f  X i s  a  1 - d im e n s io n a l  ANR, t h e n  X i s  l o c a l l y
u n i c o h e r e n t .
P r o o f : W r i te  X « Llm{G ^ ,r^ }  a s  above  and l e t  K e C(X) -  F j ( X ) .  I f
K n Gj = o r  d e g e n e r a t e ,  t h e n  c l e a r l y  X I s  l o c a l l y  u n i c o h e r e n t  a t
K. I f  K n  Gj e C(Gj) -  F^(G j ) ,  t h e n  X w i l l  be l o c a l l y  u n i c o h e r e n t  a t
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K p r o v id e d  G^ i s  l o c a l l y  u n i c o h e r e n t  a t  R n  Gj and t h i s  f o l l o w s  by 
Lemma 3 . 5 .  H ence, X i s  l o c a l l y  u n i c o h e r e n t .  []
We now b e g in  th e  p r o o f  o f  Theorem 3 .1  w i th  r e s p e c t  to  p r o p e r t i e s
( a )  and ( b ) .  Suppose X i s  a  1 - d i tn e n s io n a l  ANR. L e t  t  > 0 and
K e y ^ ( t ) .  We w i l l  show y * ( t )  i s  a l o c a l  ANR. I f  K h a s  a  c u t  
p o i n t  p ,  t h e n  t h e r e  e x i s t s  e > 0 su c h  t h a t  i f  H(K,M) < e ,  t h e n  
p e M. H ence , y ^ ( t ) ,  w h ic h  i s  an AR by  Theorem 1 .1 ,  i s  a  n e ig h ­
b o rhood  o f  K i n  y * ( t )  so K h a s  ANR n e ig h b o rh o o d s *  Suppose K
h a s  no c u t  p o i n t s .  Then , K e C(G^) ( i n  f a c t ,  K i s  a  su b g ra p h  o f
G p .  L e t  p ,q  e K w i t h  p *  q ,  p ,q  l i e  on t h e  same edge o f  G^, and
n e i t h e r  p n o r  q a r e  v e r t i c e s  o f  G j. C l e a r l y ,  y ^ ^ ( t )  u y ^ * ( t )  i s
a  n e ig h b o rh o o d  o f  K i n  y ^ ( t )  and so we need o n ly  show i t ' s  an  ANR 
and we do t h i s  by show ing y ^ ( t )  n y ^ * ( t )  i s  an ANR. L e t
M e  y * ( t )  n y * ( t )  and d e f i n e  E„ = ( a  e  r ( 2 X) | a ( 0 )  =
P ^ “
{ p , q } ,  a ( l )  = {X}, and i f  a ( s )  t  C (X ), t h e n  a ( s )  c  M}, i s  an
AR by t h e  same argum en t showing i s  an  AR. L e t  r  e  ( 0 , 1 )  be
c h o se n  so t h a t  e r ( g )  = f3(r) e y p* ( t )  n y ^ * ( t )  f o r  a l l  f} e ZM. A g a in ,
we can  u s e  th e  same argum en t a s  i n  Theorem 1 .1  t o  show e  (E„) i s  anr  n
AR ( e r  : E^ —*■ y ^ ( t )  n y ^ * ( t )  may n o t  be  s u r j e c t i v e ) .  e r ( ^ )  a
n e ig h b o rh o o d  o f  M i n  y ^ * ( t )  n y ^ ( t )  f o r  i f  p , q  e  N e y * ( t )  and
N i s  c l o s e  to  M, t h e n  M n N e C(X) by  l o c a l  u n i c o h e r e n c e .  T h u s ,
t h e r e  e x i s t s  g e E„ su c h  t h a t  3 ( s )  = M n N f o r  some s  < r  and soM
N e e  ( E „ ) . H ence , y * ( t )  n y * ( t )  i s  a  l o c a l  ANR s o  y * ( t )  i s  r  M p q
an  ANR. T h is  c o m p le te s  t h e  p r o o f  o f  ( a ) .  P e t r u s  [2 0 ]  h a s  shown th e  W- 
l e v e l s  o f  a  1 - d lm e n s io n a l  AR a r e  c o n t r a c t i b l e  so  ( b )  f o l l o w s  from t h i s  
and ( a ) .
In  t h e  p r o o f  o f  Theorem 3 . 1 ( a ) ,  we showed y ^ * ( t )  n y ^ * ( t )  i s  an
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ANR p r o v id e d  X i s  l o c a l l y  u n i c o h e r e n t .  However, t h e r e  e x i s t s  a  2 -
c e l l  Y, a  W-map y : C(Y) —*■ [ 0 , 1 ] ,  p , q ,  e Y, and t  e ( 0 , 1 )  such
t h a t  y * ( t )  n y“ * ( t )  i s  a  c o n v e rg e n t  s e q u e n c e .
P
C o r o l l a r y  3 . 7 ; I f  X i s  a  1 -d i tn e n s io n a l  ANR, t h e n  jj * ( [ 0 , t ] )  i s  an 
ANR f o r  a l l  t  e [ 0 , 1 ] .
P r o o f : S in c e  y * ( t )  i s  an ANR, t h e r e  e x i s t s  open  U => y ^ ( t )  and a
r e t r a c t i o n  r  : U —► y ^ ( t )  where U c  C(X). Note t h a t  
y ^ ( [ 0 , t ] )  u U  i s  an open s e t  c o n ta i n in g  y * ( [ 0 , t ] )  and h e n c e ,  i s  
an ANR s i n c e  C(X) i s  an  AR. D e f in e  a r e t r a c t i o n
R : y - 1( [ 0 , t ] ) u U - *  y ^ U O . t ] )  b y :
/ k  , i f  K e y " 1 ( [ 0 , t ] ) f
R(K) =
\ r ( K ) ,  i f  K i  y- 1 ( [0 , t ] ) .
I t  f o l lo w s  t h a t  y * ( [ 0 , t ] )  i s  an ANR. []
N o t i c e  th e  p r o o f  o f  c o r o l l a r y  3 .7  shows i f  X i s  a  Peano continuum  
and y ~ * ( t )  i s  an ANR, th e n  y * ( [ 0 , t ] )  i s  an ANR.
B e fo re  c o m p le t in g  th e  p r o o f  o f  theo rem  3 .1 ,  we w i l l  s tu d y  t h e  W- 
l e v e l s  o f  1 - d im e n s io n a l  ANR3 i n  more d e t a i l .  By Theorem 3 . 1 ( a ) ,  th ey  
m ust b e  ANR3 . However, t h e y  need n o t  be  c o n t r a c t i b l e .  Our n e x t  r e ­
s u l t s  a r e  an a t t e m p t  a t  c h a r a c t e r i z i n g  th e  AR W -le v e ls  o f  1-
d lm e n s io n a l  ANR8 .
Theorem 3 . 8 : L e t  G b e  a g r a p h .  The f o l lo w in g  a r e  e q u i v a l e n t :
( a )  G h as  a  c u t  p o i n t ;
(b )  T h e re  e x i s t s  tQ < 1 su c h  t h a t  y * ( t )  i s  an  AR f o r  a l l
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( c )  {G} i s  u n s t a b l e  i n  C(G).
P r o o f : ( a )  im p l ie s  (b )  by Theorem 1 .1 1 .  ( b )  im p l ie s  ( c )  by C o r o l l a r y
1 .9 .  ( c )  im p l i e s  ( a )  by a  r e s u l t  o f  C u r t i s  [6 ] .  []
I t  f o l lo w s  from Theorem 3 .8  t h a t  th e  h ig h  W - le v e l s  o f  a g ra p h  G
a r e  ARS i f  and o n ly  i f  G h a s  a c u t  p o i n t .  As we w i l l  s e e ,  c u t
p o i n t s  p l a y  a c r u c i a l  r o l e  i n  d e te r m in in g  which W -le v e ls  a r e  ARS. In
f a c t ,  we make th e  f o l l o w in g  c o n j e c t u r e :
C o n j e c t u r e ; Let X be a  1 - d im e n s io n a l  ANR. Then, p ^ ( s )  i s  an AR
i f  and o n ly  i f  f o r  each  t  > s and f o r  e a c h  K e p * ( t ) ,  K has  a  c u t
p o i n t .
We b e g in  by r e d u c in g  th e  s tu d y  o f  W -le v e ls  i n  1 - d im e n s io n a l  ANRS
to  W - le v e ls  i n  g r a p h s .
Theorem 3 . 9 : L e t  X be a  Peano con tinuum  and t  e [ 0 , 1 ] .  P ^ ( t )  i s
an  ANR (AR) i f  and o n ly  i f  p * ( [ 0 , t ] )  i s  an ANR (AR).
P r o o f : The p r o o f  o f  C o r o l l a r y  3 .7  shows i f  p * ( t )  i s  an  ANR, th e n  so
i s  p * ( [ 0 , t ] ) .  To c o m p le te  t h e  p r o o f ,  we w i l l  show p ^ ( t )  i s  a 
s t r o n g  d e f o r m a t io n  r e t r a c t i o n  o f  p * ( [ 0 , t ] ) .  D e f in e  h  : p * ( [ 0 , t ] )  x 
[0 , 1 ] —► p - 1 ( [0 , t ] ) by :
h ( K ,s )  = c (K ,s  * r R)
w here  r R = m l n { r | c ( K , r )  e p ^ ( t ) }  and c i s  a s  i n  C h ap te r  2 on page
19. h  i s  c o n t in u o u s  p ro v id e d  th e  f u n c t i o n  K —*■ r „  i s  c o n t i n u o u s .
L e t  K —*- K and r „  = r  . We need to  show r  —► r „ .  Suppose f a l s e ,  n K n n Kn
Then t h e r e  e x i s t s  a  su b seq u e n c e  r  o f  r „  su ch  t h a t  r  —► s i* r „ .
n i  n i  K
S in c e  c  i s  a map, c ( k  , r  ) -► c (K ,s )  a n d ,  c f K , r  1 e p_ 1( t )  f o r
ni  ni  k n t » n ^
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a l l  I m p l i e s  c ( K , s )  e p * ( t ) .  T h is  means c ( K , s )  •  c ( K , r K) so s =
r ^  s i n c e  d i s  c o n v e x .  T h is  i s  a  c o n t r a d i c t i o n .  H ence , h  i s  a map. []
Now s u p p o s e  X i s  a  1 - d im e n s io n a l  ANR and w r i t e  
X = L im {G ^ ,r^} .  L e t  ir : X —*■ d e n o te  t h e  p r o j e c t i o n  m ap. Then,
t h e r e  e x i s t s  a  d e f o r m a t io n  h  : X x [ 0 ,1 ]  —*■ X su c h  t h a t  h ( x , 0 )  = x ,  
h ( x , l )  = tt( x ) ,  h c o l l a p s e s  t h e  s t i c k e r s  o f  X and f o r  r  < s ,
h ( X , r )  => h ( X , s ) .  L e t  ft : C(X) —► C (G j)  and ft : C(X) x [ 0 ,1 ]  -► C(X)
be  th e  in d u c e d  m aps. I t ' s  e a s y  t o  s e e  f o r  any  t  e [ 0 , 1 ] ,  
f t |p  1( [ 0 , t ] )  x [ 0 , 1 ]  : ji 1( [ 0 , t ] )  x [ 0 ,1 ]  —► p ^ U O . t ] )  and
ft(h 1( [ 0 , t ] ) , l )  = Tr(M- 1 ( [ 0 , t ]  ) )  = p _1( [ 0 , t ] )  n C t G j ) .  T h i s ,  t o g e t h e r
w i t h  Theorem 3 . 1 ( a )  and Theorem 3 . 9 ,  g i v e  t h e  f o l l o w i n g .
P r o p o s i t i o n  3 .1 0 :  L e t  X = ld.m{G ^ ,r^ }  be  a  1 - d im e n s io n a l  ANR. Then,
p * ( t )  i s  an  AR I f f  p * ( t )  n C (G j)  i s  an  AR.
P r o p o s i t i o n  3 .1 0  r e d u c e s  t h e  p rob lem  o f  s tu d y i n g  AR W - le v e l s  o f  
1 - d im e n s io n a l  ANRS t o  a p rob lem  o f  AR W - le v e l s  o f  g r a p h s .  Now,
su p p o s e  G i s  a  g ra p h  and l e t  S d e n o te  t h e  c o l l e c t i o n  o f  a l l  sub­
g r a p h s  o f  G ( w i th  r e s p e c t  t o  a p a r t i c u l a r  t r i a n g u l a t i o n  o f  G ) . Fo r
e a c h  s  < 1 , t h e r e  e x i s t s  e > 0 su c h  t h a t  i f  0 < 6 < e ,  th e n  f o r
e a c h  K e p * ( s ) ,  N^(K) d o e s  n o t  c o n t a i n  an  e le m e n t  o f  S -  p * ( s )
s i n c e  p * ( s )  i s  com pact and S i s  f i n i t e .
Lemma 3 . 1 1 ; L e t  G b e  a  g r a p h ,  s  < 1 and e > 0 a s  a b o v e .  Then , f o r  
e v e r y  K e p * ( s ) ,  P ^ ( s )  n C(N ^(K )) i s  c o n t r a c t i b l e .
P r o o f : By Theorem 3 . 9 ,  i t  s u f f i c e s  t o  show p * ( [ 0 , s ] )  n C(Nc (K ))
i s  c o n t r a c t i b l e .  L e t  h  : N£ (K) x [ 0 ,1 ]  —► N^(K) b e  a  d e f o r m a t io n  
c o l l a p s i n g  t h e  s t i c k e r s  o f  N£ (K) i n  such  a way t h a t  i f
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ft : C(Ne (K ))  x [ 0 , 1 ]  —*■ C(N£ (K ))  i s  t h e  in d u c e d  d e f o r m a t i o n ,  t h e n  f o r
e a c h  M e C(N ( K ) ) ,  y ( f t (M ,r ) )  < y(M) and u (h (N  ( K ) , l ) )  < s  (b y  c h o ic e  € €
o f  e ) .  T hus ,  £  : {yw l ( [ 0 , s ] ) n  C ( N ^ )} x [ 0 ,1 ]  y * ( [ 0 , s ] ) n
C (¥  ( K ) )  and t h e  image o f  f t ( * , l )  i s  c o n t a i n e d  i n  C(h(N ( K ) , l ) )£ €
w h ich  i s  c o n t r a c t i b l e .  H ence , y '* '(10 ,6 ])  n C(N£ (K ))  i s  c o n t r a c t i b l e .  []
P r o p o s i t i o n  3 . 1 2 : L e t  G be  a g r a p h ,  s  < 1, and y *^(s) an AR.
T h e n ,  t h e r e  e x i s t s  tQ > s  su c h  t h a t  i f  s  < t  < tQ , t h e n  y ^ ( t )  i s
an  AR.
P r o o f ; Choose c  > 0 a s  i n  Lemma 3 .1 1 .  Choose tQ > s  so  t h a t  i f
2 —i —i —1
s < t  < tQ , t h e n  H (y ( s ) , y  ( t ) )  < e .  S in c e  y ( s )  i s  an  AR, so
i s  A .  L e t  r  >  0 s o  e  ( 0 )  =  0 ( r )  s  y * ( t )  f o r  e a c h  P e  A .  We
S t  8
w i l l  show e : A  —► y - * ( t )  h a s  c o n t r a c t i b l e  p o i n t  I n v e r s e s  and so i s  r  s
a  horaotopy e q u i v a l e n c e  [ 1 3 ] .  We know by  Lemma 3 .1 1  t h a t
{ a ( 0 ) | a  e e ” *(K)} i s  c o n t r a c t i b l e .  H ence , e r *(K) c o n t r a c t s  a s  i n
Lemma 2 . 8 .  H e n c e ,  y ~ * ( t )  i s  c o n t r a c t i b l e  and an AR. []
P r o p o s i t i o n  3 . 1 3 ;  L e t  G be  a  g ra p h  w i t h  y * ( s )  an  AR f o r  a l l  s 
i n  some i n t e r v a l  ( r , t ) .  T hen , y * ( r )  i s  a n  AR.
P r o o f ; We need  o n ly  show y * ( [ 0 , r ] )  i s  an  AR. S in c e  y * ( [ 0 , r ] )  i s
an ANR, t h e r e  e x i s t s  an  open  s e t  U => y ^ [ O j r ] )  and a  r e t r a c t i o n  
R : U —► y ~ * ( [ 0 , r ] ) .  Choose r  < s < t  w i t h  s  -  r  s m a l l  so 
y _ 1 ( [ 0 , s ] )  c  U. Then, R ; y - 1 ( [ 0 , s ] )  —► y- 1 ( [ 0 , r ] )  i s  a  r e t r a c t i o n  and
s i n c e  y™1( [ 0 , s ] )  i s  an  AR, y - 1 ( [ 0 , r ] )  i s  an  AR. T h u s ,  y 1 ( r )  i s
an AR. []
N o t i c e  t h a t  P r o p o s i t i o n  3 .1 2  shows t h a t  i f  we a r e  g i v e n  some W- 
l e v e l  i s  an AR, th e n  t h e r e  a r e  h i g h e r  W - le v e l s  w h ich  a r e  ARS. The
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n e x t  r e s u l t s  w i l l  t e l l  us when low er  W - le v e ls  a r e  AR8 .
Lemma 3 .1 4 :  Let G be  a  g ra p h  and su p p o se  e a ch  K e p * ( t )  has  a  c u t  
p o i n t .  Then , t h e r e  e x i s t s  r  < t  such  t h a t  i f  s  e [ r , t ) ,  th e n  f o r  
e a c h  K e p- 1 ( t ) ,  n {m|m e C(K) n p _ 1( s ) }  #
P r o o f : Suppose t h i s  i s  f a l s e .  Then, f o r  e a c h  r n  < t ,  t h e r e  e x i s t s
Kn e y * ( t )  such  t h a t  no p o i n t  o f  b e lo n g s  to  e v e ry  member o f
C(Kn ) n p * ( r n ) .  L e t  r n —► t  and assume w i th o u t  l o s s  o f  g e n e r a l i t y  
— ► K e  p * ( t ) .  L e t  p b e  a  c u t  p o i n t  o f  K. Then , t h e r e  e x i s t s
N su c h  t h a t  n > N im p l i e s  p i s  a  c u t .  p o i n t  o f  C l e a r l y ,  t h e r e
e x i s t s  r  < t  such  t h a t  i f  s e [ r , t ) ,  t h e n
p e n{M|M e C(K) n p * ( s ) } .  Hence, t h e  same must h o ld  t r u e  f o r  each  1 ^ ,  
n  > N. T h is  i s  a  c o n t r a d i c t i o n .  I]
P r o p o s i t i o n  3 . 1 5 ; L e t  G be  a g r a p h ,  t  < 1 s u c h  t h a t  p * ( t )  
i s  an AR and each  K e p * ( t )  h a s  a c u t  p o i n t .  T hen , t h e r e  e x i s t s
r  < t  such  t h a t  p * ( s )  i s  an AR f o r  e a c h  s e [ r , t ) .
P r o o f ; Choose r  < t  s a t i s f y i n g  th e  c o n d i t i o n s  o f  Lemma 3 .1 4 .  We w i l l
show p * ( s )  i s  an AR by showing A i s  an AR. Choose t -  e ( 0 , 1 )s u
b o  t h a t  e  (3 )  =  f K t n )  E h ^ o r  e a c ^  3 e A .  As i n  P r o p o s i t i o n
0 _ !  3 
3 .1 2 ,  we need o n ly  show e  : A —► p ( t )  h a s  c o n t r a c t i b l e  p o i n t
0 8 - ii n v e r s e s  and h e n c e ,  i s  a homotopy e q u i v a l e n c e .  L e t  K e p ( t ) .  Then,
e ' ^ K )  = { a  e A ^ a f t ^ , )  = K}. B u t ,  { a ( 0 ) | a ( t Q) « K} = u j^ C s )  n C(K) f o r
some c u t  p o i n t  p e K and t h i s  i s  c o n t r a c t i b l e .  H ence , a s  i n  P r o p o s i ­
t i o n  3 .1 2 ,  we c o n c lu d e  e *(K) i s  c o n t r a c t i b l e .  S in c e  p ^ ( t )  i s
0  - i  - ic o n t r a c t i b l e ,  A and h e n c e ,  p ( s ) , i s  c o n t r a c t i b l e .  Thus, p ( s )  s
i s  an AR. []
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P r o p o s i t i o n  3 .1 3  shows a  W -le v e l  can be  an AR e v e n  though  i t  may 
c o n t a i n  e le m e n ts  w i t h o u t  c u t  p o i n t s  b u t  P r o p o s i t i o n  3 .1 5  s u g g e s t s  no W- 
l e v e l s  be lo w  t h i s  a r e  ARS . We w i l l  now show how o u r  p r e v io u s  r e s u l t s  
r e d u c e  o u r  c o n j e c t u r e  to  th e  f o l l o w in g  s t a t e m e n t :
( * )  I f  6 h a s  no c u t  p o i n t s ,  t h e n  no W -le v e l  o f  G be low  t h e
to p  l e v e l  can  be an AR.
Assume (* )  i s  t r u e  and l e t  G b e  a  g ra p h  w i t h  c u t  p o i n t s .  I f  G
i s  a c y c l i c ,  t h e n  e ach  W - le v e l  i s  an AR by Theorem 3 .1 ( b )  so assum e G
i s  n o t  a c y c l i c .  By Theorem 3 . 8 ,  a l l  s u f f i c i e n t l y  h i g h  W - le v e l s  a r e  ARS
and by P r o p o s i t i o n s  3 .1 3  and 3 .1 5 ,  t h e r e  e x i s t s  t p  such  t h a t  p ~ ^ ( t )
i s  an  AR f o r  t  > t ^ ,  e a ch  e le m e n t  o f  p ^ ( t )  h a s  a c u t  p o i n t  f o r
t  > t p ,  and t h e r e  e x i s t s  G^ e p * ( t p )  w i t h o u t  a  c u t  p o i n t .  S in c e
Gj h a s  no c u t  p o i n t s ,
(* * )  p ^ C s )  = p * ( s )  n C(G^) i s  n o t  an  AR f o r  s  < t p  by ( * ) .
S in c e  G h a s  c u t  p o i n t s ,  w r i t e  G = g |  u G ^ G ^ G g  s u b g ra p h s  o f  G and
g J n G* = { V j} ,  a  c u t  p o i n t  o f  G. T hen , Gj e  g |  o r  G^ e  G*. Assume
Gj c  g J .  I f  Gj * g J ,  t h e n  G^ h a s  a  c u t  p o i n t .  C o n t in u e  th e  p r o c e s s
w i t h  Gj * = Gj u G ^ G j .G ^  s u b g ra p h s  o f  G^  ^, G j  n G^ “  > a c u t
p o i n t  o f  Gj and G^ c  G*. E v e n t u a l l y ,  t h e r e  e x i s t s  N w i t h  Gj =
G^. L e t  r ^  : Gj  ^ ► G^ b e  a r e t r a c t i o n  c o l l a p s i n g  G^  ^ to  v ^  and
l e t  r^  : C(G^ —*• C(G^) be  t h e  in d u c e d  map. T hen , f o r  each  s  <
t p ,  r n o . . .  0 r  j  |p -1  ( [ 0 , s ] ) : p - 1 ( [ 0 , s ] )  —► p ' ^ t O . s ] )  =
—1 1 M ( [ 0 , s ] )  ri C (G j)  i s  a  r e t r a c t i o n .  By ( * ) ,  pG ( [ 0 , s ] )  i s  n o t  an  AR
-1  -1   ^so  p ( [ 0 , s ] ) ,  and h e n c e  p ( s ) , i s  n o t  an  AR. T h is  p ro v e s  th e
con j  e c t u r e .
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Rem ark: I n  t h e  above  a rg u m e n t ,  i f  we d o n ' t  assum e ( * ) ,  t h e n  a l l  to can
show i s  t h e r e  e x i s t s  Sq < t g  such  t h a t  y ^ ( s )  i s  n o t  an  AR f o r
Sq < s  < t p .  We need to  r e p l a c e  (* * )  by t h e  f o l l o w i n g  s t a t e m e n t ,
w h ich  i s  a  c o n se q u e n c e  o f  Theorem 3 . 8 :  T h e re  e x i s t s  Sq < t g  s u c h  t h a t
y * ( s )  = y * ( s )  n C(G. ) i s  n o t  an AR f o r  s n < s < t n . How ever, o u r
G . 1 U U
—1r e s u l t s  d o n ' t  a l l o w  us  t o  c o n c lu d e  t h a t  t h e  W - le v e l s  be low  y ( s g )  a r e
no t  ARS .
E xam ple : L e t  X = I f •••) , t h e  H aw aiian  e a r  r i t i g ,  l e t  be
t h e  i t h  c i r c l e  and y : C(X) — [ 0, 1]  any  W-map. A l th o u g h  X i s  n o t
an  ANR, t h e  t e c h n i q u e s  em ployed i n  t h e  p r o o f  o f  Theorem 3 . 1 ( a )  can  be 
a p p l i e d  to  show y * ( t )  i s  an  ANR f o r  a l l  t  > 0 .  A ls o ,  i f  
t p  = m a x { y ( S ^ ) | i  = 1 , 2 , . . . } ,  t h e n  y * ( t )  i s  an AR i f  and o n ly  i f  
t  > t p  by t h e  a rg u m e n ts  u sed  to  r e d u c e  th e  con j e c t u r e  to  t h e  s t a t e m e n t  
<*).
E xam ple : L e t  X = Si b e  t h e  c i r c l e >
and y : C(X) —► [ 0 ,1 ]  any  W-map. A l l  t h e  r e s u l t s  o f  t h e  p r e v i o u s
e x am p le  h o ld  f o r  t h i s  exam ple  f o r  t h e  same r e a s o n s .
We now t u r n  o u r  a t t e n t i o n  t o  c o m p le t in g  t h e  p r o o f  o f  Theorem 3 .1
and C o r o l l a r y  3 .2 .  W e ' l l  need to  i n t r o d u c e  some n o t a t i o n  and p ro v e  a
few  lemmas. R e c a l l  from c h a p t e r  2 t h a t  i f  X i s  a  c o n t in u u m , th e n  we
can  w r i t e  X = ^ im tP ^ , f ^ }  w here  th e  a r e  c o m p a c t ,  c o n n e c te d  p o l y -
h e d r a  and f .  : P, „, —*■ P. a r e  o n t o .  A l s o ,  h  : L im{C(P. ) , £ . }  —► C(X)l  l + i  l ------------------------------------------------------•*------ l  l
d e f i n e d  by h C C K ^ ,^ ,  • • • ) )  = Lim(K ^ ,f  ^ [ k^ | ^ } i s  a  homeomorphism.
00 00
N o t i c e  t h a t  Lim{C(P ) , £  } c  JI C(P ) c  c( H P ] and i f
i = l  i = l
y : C(X) —► [ 0 ,1 ]  i s  a  W-map, t h e n  y o h  : ^ i r a { C (P ^ ) , r ^ }  —*■ [ 0 , 1 ]  i s
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a  map s a t i s f y i n g  t h e  f o l l o w i n g  c o n d i t i o n s :  y a h ( ( x j , X 2 >• . •  ) )  = 0 f o r
e a c h  ( x ^ ^ x ^ , . . . )  e * ^ i*^ and i f  ( ,  • * • )  c  (M^ j l ^  > • > ■) and
^ 1  ’ ^ 2 * * * *  ^ ^ t h e n  y o h ( ( K j , • • •  ) )  ^ p »
h(Mj»M2 »• • • ) ) •  Ward [24 ]  h as  shown y o h  e x t e n d s  t o  a  W-map
y : c (  II P . ) —+■ [ 0 ,® ) .  L e t  y = y |  II C ( P . ) and l e t  
i = l  i = l  1
“  ramTI : n C ( P , ) -► n C ( P . ) and 7T : n C ( P . ) —► C(P ) be  th e  p r o j e c ­
t s  1 1=1 1 111 i = l  1 moo
t i o n s .  L e t  ( P | , P 9 , . . » )  £ H P. b e  f i x e d  and d e f i n e
1 Z 1=1 1
CO
i  : C(P ) -*■ n C (P . )  by  
1=1  1
±m(K) = ^ r ~ 1( K ) ^ 2m” 1( K ) , ” * ^ m - l CK),K’P m +l’pm+2 * * * ^  Whe“
£ , m = £ ,  o . . .  o £ and £ m = £ . D e f in e  y : C(P ) —*■ [ 0 , “ ) by  i i  m m m  m m * ^
.  00
y (K) = min{y(M) 1m e IT C ( P . )  and irm(M) = x m o i  ( K ) } .  F o r  e a c h
m 1=1 1 m
*  A *
K e C(P ) ,  l e t  K e H C ( P . )  d e n o te  some e le m e n t  w i th  y(K ) = y (K) 
m i —1 ***
and xra(K*) = r m o y K ) ,  and l e t  a j K*) = ( i r ^ C K * )  . x ^ C K * )  , . . . )  be  
t h e  t a i l  o f  K beyond t h e  m1" c o o r d i n a t e .
Lemma 3 . 1 6 : y ^  : C(Pm) —*■ [ 0 , « )  i s  a  W-map f o r  e a c h  m.
P r o o f : I t ' s  e a s y  t o  s e e  y m({ x } )  = 0 f o r  e a c h  {x} e ^ ( P  ) .  Suppose
M,N e C(P ) and M c  N, M * N. I f  y (N) < y ( H ) ,  t h e nm m m
y(N*) < y (M *). B u t ,  (xm(M *), o  (N * ))  c  N*, ( x m(M *), a  (N * ))  *  N* som m
y ( x m(M *), <?m(N ) ) )  < y(N ) < y(M ) .  T h is  c o n t r a d i c t s  t h e  c h o ic e  o f '  M*.
H ence, y (M) < y ( N ) . We now show y i s  a  m ap. L e t  K ,K e C(P )m m  m n m
*  *
and K —► K. Assume w i th o u t  l o s s  o f  g e n e r a l i t y  t h a t  K —► M e  n C fP .)  n n 1.
*  A i = l
and  n o te  t h a t  xm(M) = xm(K ) .  S in c e  y i s  a  map, Hm( Kn ) =
y(K *) —► y(M ). We need t o  show y(M) = y (K *) = ym(K ) .  By d e f i n i t i o n  o f
y and t h e  f a c t  t h a t  xm(M) = xm(K * ) , y (K) = y(K*) < y (M ). I f  in m
y (K*) < y (M ), t h e n  f o r  = (irm(K*) , o^C K *)) ,  i t ' s  c l e a r
A A ^  ^
y ( K ' )  —v y(K ) s i n c e  K ' —*■ K .  H ence , t h e r e  e x i s t s  N s u c h  t h a t  n n
A Vt A
n > N i m p l i e s  < ^ ^ n ^  anc* t ^ s c o n t r a d i c t s  t h e  c h o ic e  o f  Kn «
T hus , y(K ) > y(M) so i s  a  map, []
I t  f o l lo w s  from  t h e  d e f i n i t i o n  o f  y : C(P ) —► [0,® ) t h a t  £m m  m
maps [ 0 , t ] ) i n t o  ym* ( [ 0 , t j )  f o r  e a c h  t .  T h u s ,
{y * ( [ 0 , t ] ) , £  } i s  a w e l l - d e f i n e d  i n v e r s e  s e q u e n c e  f o r  e a c h  t .  m m
Theorem 3 .1 7 :  y * ( [ 0 , t ] )  « Lira{y * { [ 0 , t ] ) , £  } f o r  e a ch  t .—  1 ■*----- m m
P r o o f :  We show h : Lim{ C(Pj ) , £ , }  —*■ C(X) t a k e s  Iim{y_ *( [ O . t ]  ) ,£_}— — H 1  1  i  d  d
o n to  y * ( [ 0 , t ] ) .  I f  K e y  * ( [ 0 , t ] ) ,  t h e n  y o it ( h  * (K ))  < t  f o rm m
e a c h  m so h t a k e s  L i r a t i r ^ h  * (K ))  »^m lirm+i 0 ^  t0  K* Suppose
K = e Lim{ym*( [ Q , t ] )  >^m}» We m ust show y o h(K ) =
y(K) < t .  But t h i s  f o l l o w s  from  t h e  f a c t  t h a t  y o ir (K) < t  f o rm ra
e a c h  m. []
C o r o l l a r y  3 . 1 8 : I f  X i s  1 - d im e n s io n a l  and h a s  t r i v i a l  s h a p e ,  t h e n
y ^ ( [ 0 , t ] )  h as  t r i v i a l  sh a p e  f o r  a l l  t .
P r o o f : Case and C h am b erl in  [3 ]  have  shown a  1 - d im e n s io n a l  con tinuum
w ith  t r i v i a l  s h a p e  can  be w r i t t e n  a s  an i n v e r s e  l i m i t  o f  a c y c l i c  g r a p h s .
T hus ,  X = L i ra { G j , f ^ } .  By Theorem 3 .1 7 ,  y * ( ( 0 , t ] )  «
ld.m{ym* ( [ 0 , t ] ) [ 0 , t ] ) } .  S in c e  th e  a r e  a c y c l i c  g r a p h s ,  e a c h
y * ( [ 0 , t ] )  i s  a n  AR by  Theorem 3 .1 ( b )  and Theorem 3 . 9 .  H ence , 
y * ( [ 0 , t ] )  h a s  t r i v i a l  s h a p e .  [J
We now c o m p le te  t h e  p r o o f  o f  Theorem 3 .1  w i t h  r e s p e c t  to  p r o p e r t y  
( c ) .  We assume a l l  t h e  p r e v i o u s l y  i n t r o d u c e d  n o t a t i o n .  W ri te
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X = Llm{G ^ , f w h e r e  t h e  G^ a r e  a c y c l i c  g r a p h s  f o r  e a c h  i  and l e t
h  : Lim{C(G^) —► C(X) b e  th e  above  horaeomorphism. To show y ^ ( t )
h a s  t r i v i a l  s h a p e ,  we show h ^ (y  * ( t ) )  h a s  t r i v i a l  s h a p e .  L e t  Y be
a  m e t r i c  ANR and g : h  *(y * ( t ) )  — *■ Y a  m ap. I t  s u f f i c e s  t o  show g
i s  n u l  1-homo to  p i c .  L e t  g : 0  —*■ Y b e  an  e x t e n s i o n  o f  g t o  an open
00
s e t  0  = Uj x U2 x , , ,  x Un x n C(G1 ) .  F o r  m > n l a r g e ,
A - 1  - 1  n + 1
= ® 0 0 %  : ^  ^  C t ) )  “ *■ Y i s  h o m o to p ic  to  g .  We w i l l  show
gjjj i s  n u l l - h o m o t o p ic  f o r  m s u f f i c i e n t l y  l a r g e .
CLAIM: T here  e x i s t s  m > n  su c h  t h a t  f o r  e a c h  i  < n ,
f i ~  t % 1 (Mm( V h  «= Ut .
Suppose t h i s  i s  f a l s e .  L e t  * ( £ ) ) ) ) •  Then f o r
e a c h  m > n ,  t h e r e  e x i s t s  K e  y *(Z ) s u c h  t h a t  fT~^(K  ) t  U. f o rm m m j  m j
some 1 < n .  L e t  K e II C (G .) b e  a s  b e f o r e  and assum e w i th o u t  l o s s
111 i -1  1
o f  g e n e r a l i t y  t h a t  K* —► K. We w i l l  show K e h * ( y * ( t ) ) .  By d e f i n i ­
t i o n  o f  ym, y^  o ifm|h. * (C (X ))  c o n v e rg e s  u n i f o r m l y  t o  y | h  * ( C ( X ) ) .
H ence , y o tt ( h  \ t ) ) )  —► t  a s  m —*■ <*>. S in c e  m m
K e W_1 (S ) , y  (K ) e Z . T h u s ,  y ( K ) » y(K*) —*■ t  so  y(K ) = t  and m m m m m  m m m  m
K e h ^ ( y * ( t ) ) .  I t  f o l l o w s  t h a t  t h e r e  e x i s t s  Mq > n s u c h  t h a t
m > Mq i m p l i e s  e 0  s i n c e  0  i s  open and c o n t a i n s  h  *(y * ( t ) ) .
By d e f i n i t i o n  o f  K*, t h i s  means f ? - 1 (n (K *))  = f ? " 1 (K ) e U. f o r  a l lm 1 m m 1 m 1
m > Mq and f o r  a l l  i  < n .  T h is  c o n t r a d i c t i o n  p ro v e s  t h e  c l a i m .
To c o m p le te  t h e  p r o o f ,  n o t e  t h a t  y ( tt ( h  *(y  * ( t ) ) ) )  = Z i s  anm m  m
i n t e r v a l  so i s  c o n t r a c t i b l e  s i n c e  Gm i s  an  a c y c l i c  g r a p h .
L e t  m > M- be  f i x e d  and l e t  0 : y * ( Z )  —► y *(Z ) b e  a  c o n t r a c t i o n  u r  m m m m
w i t h  0q t h e  i d e n t i t y .  D e f in e  : h  *(y  * ( t ) )  —*■ Y b y :
41
Fr (K) = g o ^  o Br  • nm( K ) .
By t h e  above  c l a i m ,  i m o 0r  o Tfm(h  J (y  * ( t ) ) )  c  0  f o r  a l l  r  so  Fr  i s  
w e l l - d e f i n e d .  S in c e  Fq = t h i s  shows gm i s  n u l l - h o m o t o p ic  f o r  
m > Mq. H ence, g i s  n u l l - h o m o t o p ic  and y * ( t )  h a s  t r i v i a l  s h a p e .  
T h i s  c o m p le te s  t h e  p r o o f  o f  Theorem 3 . 1 .  []
C o r o l l a r y  3 .2  f o l l o w s  from  Theorem 3 . 1 ( c )  f o r  i f  X i s  c o n t r a c ­
t i b l e ,  t h e n  i t  h a s  t r i v i a l  s h a p e .
CHAPTER IV 
The Spaces  P(X)
E b e r h a r t ,  N a d le r ,  and Nowell [10] s tu d i e d  th e  s p a c e s  T(X) when X
i s  a  Peano con tinuum  and showed T(X) ” I) when X c o n t a i n s  no f r e e
a r c s .  In  c a se  X h a s  f r e e  a r c s ,  t h e y  w ere  a b l e  to  show T(S*) jf 1}
w here  d e n o te s  t h e  u n i t  c i r c l e .  In  t h i s  c h a p t e r ,  we w i l l  c h a ra c ­
t e r i z e  th e  1 - d im e n s io n a l  ANRS X f o r  which F(X) « 1}. I t  w i l l  be
c o n v e n ie n t  to  f i r s t  c h a r a c t e r i z e  th o s e  g ra p h s  G f o r  w hich  T(G) *> I}. 
We d e n o te  by G [ 0 ,1 ]  t h e  g ra p h  o b t a i n e d  from G by a t t a c h i n g  an a r c  
t o  G a t  p and c o n s id e r  G U p [ 0 , l ]  t o  be  a  g ra p h  w i th  p a s  a 
v e r t e x .  Our main r e s u l t s  a r e :
Theorem 4 . 1 : L e t  G b e  a  g r a p h ,  E = {G = < ^ , 6 2  G^} be  t h e  c o l l e c ­
t i o n  o f  a l l  su b g ra p h s  o f  G s u c h  t h a t  f o r  e a c h  i  >..1, G  ^ h a s  a  n e ig h ­
borhood o f  th e  form G. U [ 0 ,1 ]  i n  G. Then, T(G).......» 1} i f  and o n ly  i f
pi
e a ch  G  ^ h a s  a  c u t  p o i n t  f o r  1 > 1.
Theorem 4 . 2 :  L e t  X = Lim{G ^ ,r^ }  b e  a  1 - d im e n s io n a l  ANR w r i t t e n  a s  an
i n v e r s e  l i m i t  o f  g ra p h s  a s  i n  C h a p te r  3 ( i . e .  e a c h  i s  a  g ra p h  and
e a ch  —+ G  ^ i s  a  s t r o n g  d e fo r m a t io n  r e t r a c t i o n ) .  L e t
E = {H j,H 2 ». . • be  t h e  c o l l e c t i o n  o f  s u b g ra p h s  o f  Gj w h ic h  have  no
c u t  p o i n t s .  Then, T(X) "  IJ i f  and o n ly  i f  no h a s  a  n e ig h b o rh o o d
o f  t h e  form H. u [ 0 ,1 ]  i n  X.
1 pi
We b e g in  t h e  p r o o f  o f  Theorem A .1 by showing th e  c o n d i t i o n s  o f  th e  
theorem  a re  n e c e s s a r y .
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Theorem 4 . 3 t  (G) i s  u n s t a b l e  i n  C(G) i f  and o n ly  i f  {{G}} i s  un­
s t a b l e  i n  T (G ) .
P r o o f ; Suppose {G} i s  u n s t a b l e  in  C (G ), and l e t  e > 0 .  By Theorem
3 .8 ,  t h e r e  e x i s t s  a r e t r a c t i o n  r  ; C(G) —*■ p * ( [ 0 , t ] )  w i th  
r (u * ( [ t , l ] ) )  = p * ( t ) ,  f o r  some t  < 1 s u c h  t h a t  
diamH(p 1( [ t , l ] ) )  < e .  D e f in e  R : r (G )  —*• F(G) -  {{G}} b y :
i{ a ( s ) | 0  < s < s ' ) ,  i f  p ( a ( 0 ) )  < t  ands '  = m a x { s [ p ( a ( s ) )  < t } ;
{ { r ( a ( 0 ) )} }  , o t h e r w i s e .
2
I t ' s  e a s y  t o  se e  R i s  a  map, H ( a , R ( a ) )  < e f o r  e a ch  a  e T (G ) ,  and 
{{G}} £  R ( r ( G ) ) .  C o n v e r s e ly ,  su p p o se  {{G}} i s  u n s t a b l e  i n  T (G ) ,  and
l e t  e > 0 .  There  e x i s t s  a  map f  : T(G) —► F(G) -  {{G}} w i th
H2 ( f ( a ) , a )  < e f o r  e ach  a  e T (G ) .  L e t  e Q ; I*(G) —*■ C(G) and
i  ; C(G) —► r ( G )  be d e f in e d  by e o ( a ) = “ ( 0 )  an<J i ( K )  = {{K}}, r e ­
s p e c t i v e l y .  Then, eQ o f  o 1 ; C(G) —*• C(G) -  {G} and H(eQ o f  o
i (K ) ,K )  < e f o r  e a c h  K e C (G ). Hence, {G} i s  u n s t a b l e  i n  C(G). []
C o r o l l a r y  4 . 4 : I f  G h a s  no c u t  p o i n t s ,  t h e n  T(G) £  Ij.
P r o o f : I f  G h a s  no c u t  p o i n t s ,  t h e n  {G} i s  s t a b l e  i n  C(G) by a
r e s u l t  o f  C u r t i s  [6 ] .  Theorem 4 .3  i m p l i e s  {{G}} I s  s t a b l e  In  F(G)
so T(G) £ JJ. []
Theorem 4 . 5 : L e t  G = G' U p [ 0 , l ]  be  a  g ra p h  and suppose  G' h a s  no
c u t  p o i n t s .  Then, T(G) £  1).
P r o o f : (Due to  Doug C u r t i s )  By Lemma 2 .1  o f  [ 1 5 ] ,  t h e  complement o f
each  f i n i t e - d i m e n s i o n a l  compactum in  1] h a s  t r i v i a l  homology. Thus i f
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T(G) <■ Q, T(G) -  A h a s  t r i v i a l  hom ology, w h ere  A i s  t h e  a r c  
{a e r ( G ) | a ( 0 )  = {G1} } .  Doug C u r t i s  [ 6 ] h a s  shown {G1} h a s  cone  
n e ig h b o rh o o d s  i n  C(G’ ) w i t h  b a s e  B h a v in g  n o n - t r i v i a l  hom ology. L e t  
Cone(B) c  C (G ')  be s u c h  a  n e ig h b o r h o o d .  We w i l l  show i ( B )  i s  a  r e ­
t r a c t  o f  T(G) -  A, w here  1 : C(G) —*■ r ( G)  i s  t h e  em bedding a s  i n  
Theorem 4 . 3 .  T h i s  c o n t r a d i c t i o n  shows t h a t  T(G) j6 1}. C o n s id e r  th e '  
f o l l o w i n g  d ia g r a m :
T V  V
r ( G )  -  A  ^  i (C (G )  -  {G * } ) — ^  i ( C ( G T ) -  {G '> )  — ^  i ( B )
r j  : T(G) -  A —*- i (C (G )  -  {G*}) i s  d e f i n e d  by  r ^ ( a )  = { { a ( 0 ) } } .
C e r t a i n l y ,  r ^  i s  a  r e t r a c t i o n ,  r ^  i s  o b t a i n e d  i n  t h e  f o l l o w i n g  s t e p s :
( 1 )  R e t r a c t  i ( C ( [ 0 , l ] ) )  t o  i ( C p ( [ 0 , 1 ] ) ) ;
( 2 )  r e t r a c t  i ( C p (G) -  {G '}> t o  i ( C p (G*) -  { G '} ) ;
( 3 )  e x te n d  by t h e  i d e n t i t y  t o  t h e  r e s t  o f  C(G) -  { G '} .
( 2 )  i s  p o s s i b l e  s i n c e  Cp ( G ' )  -  {G1} i s  an  AR by  C o r o l l a r y  1 .1 0  and 
i s  c l o s e d  i n  Cp (G) -  {G*}. r ^  i s  o b t a i n e d  by r a d i a l  p r o j e c t i o n  and 
convex  g r o w th .  C l e a r l y ,  r ^  ° ^  ° r l  : **(G) -  A —*- i ( B )  i s  a
r e t r a c t i o n .  []
C o r o l l a r y  4 . 6 :  L e t  G = G' Up[ 0 ,1 ]  be a s  i n  Theorem 4 ,5 .  T hen ,
r ( G f Up[ 0 , 1 ) )  i s  n o t  a  I^ -m a n ifo ld .
P r o o f : L e t  £ = {a  e T ( G ) | l  e a ( l ) } .  £ i s  a  Z - s e t  i n  T(G) and
T(G) -  £ = T(G» U p [ 0 , l ) ) .  By a r e s u l t  o f  T o ru n c zy k  [ 2 3 ] ,  i f  T(G) -  £ 
w e re  a  l ) - m a n i f o l d ,  t h e n  T(G) would  be a  I J - r a a n i fo ld .  S in c e  T(G) i s  
com pact and c o n t r a c t i b l e ,  i t  would h a v e  t o  b e  [ 4 ] .  T h is  c o n t r a d i c t s  
Theorem 4 . 5 .  H ence , r ( G '  U p [ 0 , l ) )  i s  n o t  a  l} -m a n ifo ld .  []
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C o r o l l a r y  4 .7 ;  L e t  G be  a  g r a p h ,  G* a  su b g rap h  o f  G su ch  t h a t  G'
i t ' s  open i n  T(G ). But t h i s  c o n t r a d i c t s  C o r o l l a r y  4 .6  so  T(G) I}. []
C o r o l l a r i e s  4 .4  and 4 .7  p ro v e  th e  n e c e s s i t y  p a r t  o f  Theorem 4 .1 .  
C o r o l l a r y  4 .4  shows G must have  a  c u t  p o i n t  and C o r o l l a r y  4 .7  shows 
e a c h  e I  f o r  i  > 1 must have  a c u t  p o i n t .  We w i l l  now com ple te  
t h e  p r o o f  o f  Theorem 4 .1  by showing th e  c o n d i t i o n s  a r e  a l s o  s u f f i c i e n t .
Lemma 4 . 8 : L e t  G be a  g r a p h ,  G* a  s u b g ra p h  o f  G w i th  a  c u t  p o in t
and G’ U p [ 0 , l ]  a  n e ig h b o rh o o d  o f  G* i n  G. Then, f o r  e a c h  e > 0 ,
t h e r e  e x i s t s  a map f  : C(G) —► C(G) -  {K e C(G)|G* c  K} w i th
H(f(M ),M ) < e f o r  e a c h  M e C(G).
P r o o f : Note t h a t  p need  n o t  b e  a  c u t  p o i n t  o f  G* b u t  must be  a c u t
p o i n t  o f  G. L e t  e > 0 ,  p : C(G) —► [ 0 ,1 ]  a  W-map, and p = p |C ( G ' ) .
Choose s < p(G1) so p * ( s )  i s  an AR and
diara^fp  *( [ s , p ( G '  ) ]  ) )  < e (by Theorem 3 . 8 ) .  D e f in e  a r e t r a c t i o n
h a s  no c u t  p o i n t  and G* h a s  n e ig h b o rh o o d s  o f  t h e  form G1 U p [ 0 , l ]  i n
G. Then, T(G) t  I}.
P r o o f : I f  r (G)  » I}, t h e n  r(G* u ^ t O , ! ) )  would be a Q -m an ifo ld  s in c e
r  : p ( s )  U p ( [ s , p ( G ' ) ] )  —► p ( s )  b e  d e f i n e d  by
S in c e  p ^ ( s )  i s  an AR, r  h a s  an e x t e n s i o n
r  : P i ( [ s ,p < G * ) ]>  —► p  ^( s ) . Extend r  to  C (G ')  by t h e  i d e n t i t y  
and n o te  t h a t  H (r (K ) ,K )  < e f o r  each  K e  C ( G ') ,  and i f
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p e K e C ( G ') ,  t h e n  p e r ( K ) .  Now d e f i n e  f  : C(G) —*■ C(G) -  
{K e  C(G )(G ' c  K} by:
f (K )  =
r(K  n G1) u (K -  G ' ) ,  i f  R n  G’ * 0 .  
f  i s  a w e l l - d e f i n e d  map s i n c e  r  i s  a  map and i f  p e K, t h e n  
p e r (K )  so  r (K  n G ')  u (K -  G ')  i s  c o n n e c t e d .  F u r th e r m o r e ,
K i f  K n  G' =■ 0;
G' £  f (K )  f o r  any  K e C(G) s i n c e  i f  K n G' *  0 ,  G' £  r ( K n  G ')  by
d e f i n i t i o n .  I t ' s  e a s y  to  s e e  H (f (K ) ,K )  < e f o r  e a ch  K e C(G). []
C o r o l l a r y  4 . 9 :  L e t  G b e  a  g ra p h  and l e t  E be as  i n  Theorem 4 .1 .  I f
e a c h  G^ e E h a s  a  c u t  p o i n t ,  t h e n  f o r  e v e r y  e > 0 , t h e r e  e x i s t s  a
map f  : C(G) -*■ C(G) -  E s u c h  t h a t  Gt  4  f (K )  and H (f (K ) ,K )  < e f o r
e a c h  i  and e a c h  K e C (G ) .
P r o o f : S in c e  G h a s  a c u t  p o i n t ,  {G} i s  u n s t a b l e  i n  C(G). Hence, f  
may be  o b t a i n e d  a s  a f i n i t e  c o m p o s i t io n  o f  maps a s  d e f in e d  in  C o r o l l a r y  
1 .9  and Lemma 4 . 8  ab o v e .  []
We now p r o v e  th e  s u f f i c i e n c y  o f  Thoerem 4 .1  by u s in g  T o ru n c z y k 's
c h a r a c t e r i z a t i o n  o f  th e  H i l b e r t  c u b e  (Thoerem  1 . 5 ) .  L e t  € > 0 ,  and
c hoose  f  ; C(G) —► C(G) -  E a s  i n  C o r o l l a r y  4 .9 .  I f  G h a s  end
p o i n t s ,  t h e n  we may assum e no f (K ) c o n t a i n s  an  end p o i n t  o f  G f o r
e a ch  K e  C(G). N o t ic e  i f  K e  C (G ), t h e n  f (K ) does  n o t  have  a
n e ig h b o rh o o d  o f  t h e  form f (K )  U [0 ,1 ]  i n  G. D e f in e
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f  : r(G) —► T(G) by  f ( a )  = { £ ( a ( s ) ) | 0  < s  <; 1 ) .  S in c e  u n io n  i s  non-
e x p a n s i v e ,  H ( f ( a ) , a )  < e f o r  e a ch  a  e T (G ) .  F h r t h e r ,  I f
e^  : r(G) —► C(G) i s  d e f i n e d  by ^ q(« )  = a ( 0 ) ,  t h e n  eg  o f ( a )  =
£ ( a ( 0 ) )  d o e s  n o t  have  a  n e ig h b o rh o o d  o f  t h e  form eQ a f ( a )  U p [ 0 , l ]  I n
G and eQ o f ( a )  * {G} f o r  each  a  e T (G ).  The re m a in d e r  o f  t h e  p ro o f  
i s  s i m i l a r  to  t h e  argum ent used i n  Theorem 2 .2 .  L e t
A = { p 1 , . . . , P m,PnH_1 , . . . , P n } be  an - n e t  i n  G w i th  ( p j  ,P2 , . . . ,Pm} 
b e in g  th e  s e t  o f  a l l  v e r t i c e s  o f  G. For  each  i  = l , 2 , . . . , n ,  t h e r e  
e x i s t s  e -h o m o to p le s  h^ : G  ^ x [0 , 1 ] —*■ G^ s a t i s f y i n g  th e  f o l lo w in g  
c o n d i t i o n s :
( 1 )  h ^ ( x ,0 )  = x ,  f o r  e ach  x e G;
(2 )  h ^ ( x , t )  = x ,  f o r  e a ch  ( x , t )  e (G -  N£ ( p ^ ) )  x [ 0 , 1 ] ;
( 3 )  For 1 < 1 < m ( c o r r e s p o n d in g  t o  th e  v e r t i c e s  o f  G ), t h e n
h^ c o l l a p s e s  e ach  segm ent o f  n£ Cp ^)  t o  P i  a l t e r n a t e l y ,
2
and moves e a c h  p o i n t  o f  e x c e p t  p ^ . F o r  m < i  < n ,
l e t  d e n o te  th e  component o f  p^ i n
N (P j ) ~ { p . .............   ) .  Cj i s  an  open a r c  c o n ta in e d  in  ae x  i  m 1
segm ent o f  G. h^ moves o n ly  p o i n t s  o f  and c o l l a p s e s
h a l f  o f  each  a r c  o n . e i t h e r  s i d e  o f  p^ i n  a l t e r n a t e l y .
In  a d d i t i o n  to  t h e  above h o m o to p ies  (w hich  d o n ' t  move th e  v e r t i c e s ) ,  we
d e f i n e  e -h o m o to p ie s  h^ : G x [ 0 ,1 ]  —► G f o r  m < i  < n such  t h a t  
h^  s a t i s f i e s  ( 1) and ( 2 )  above b u t  i n s t e a d  o f  (3 )  s a t i s f i e s :
( 3 ' )  h ^ ( x , l )  = p ^ , f o r  e a ch  x e ^ ( p ^ )  ant* moves e a ch  p o i n t  o f
2
N ^(p^) i n c l u d i n g  any v e r t i c e s  i t  may c o n t a i n .
For c o n v e n ie n c e ,  we re-nam e t h e s e  hom otop ies  |k. = l , 2 , . . . , 2 n  -  m}
w i th  gk = hk f o r  1 < k < n and = h^ f o r  k  = n + 1  2n -  m
and i  = m + l , . . . , n .  Each g ^  in d u c e s  g^  : C(G) x [ 0 ,1 ]  —► C(G) by
g, ( K , t )  = u (g, ( x , t ) } .  D e f in e  G^ : C(G) —*■ T(G) by Gjc( K ) ( t )  ** 
a  x e K  A
u {g{c( K , s ) > .  F i n a l l y ,  d e f i n e  G : C(G) —► T(G) by
48
G(K) = G1(K)V1G2 (K)V1 . . .  V1G2n_m(K)
& i s  w e l l - d e f i n e d  s i n c e  G^CKXO) = K f o r  e a c h  K e C(G) and e ach  
k = l , 2 , . . . , 2 n  -  ra, and H ^(& (K ),{{K }}) < e f o r  e a c h  K e C (G ). L e t  
c : C(G) —*• r(G) be  d e f i n e d  by c (K ) =» convex  a r c  from  K t o  
{x e G |d (x ,K )  < £■}. Note t h a t  c  o f ,  & 0 f  : C(G) r (G )  have  d i s ­
j o i n t  im ages s i n c e  c o f (K )  grows s i m u l t a n e o u s l y  i n  a t  l e a s t  two 
d i r e c t i o n s  i n  G s i n c e  f (K )  h a s n ' t  a  n e ig h b o rh o o d  o f  t h e  form
f(K )  Up [ 0 ,1 ]  i n  G and & a f (K )  c a n  move i n  o n l y  one d i r e c t i o n  a t  a
t i m e .  To s e e  t h i s ,  we have  two c a s e s :
CASE 1 i f (K )  i s  n o t  a  s u b g ra p h  o f  G.
T h e n ,  i t ' s  e a s y  t o  s e e  f (K )  i s  changed  i n  o n l y  o n e  d i r e c t i o n  a t  a 
t im e  by  some G^ f o r  1 < k  < n .
CASE 2 : f (K )  i s  a  su b g ra p h  o f  G.
Then , f ( K )  i s  unchanged  by t h e  G^ f o r  1 < k  < n .  However,
s i n c e  i t ' s  a  s u b g r a p h ,  i t  i s  changed  i n  o n ly  one  d i r e c t i o n  by  some G^
f o r  n + l < k < 2n - m .
H ence , t h e  f u n c t i o n s  f i » f 2 : ^ (G ) —*■ r ( G ) , -  d e f i n e d  a s  f o l l o w s ,
have  d i s j o i n t  im a g e s :  F o r  e a c h  a  e T (G ) ,  l e t
F j f a )  = 6 ( e Q o f ( a ) ) V j l ( a )
and
F2 ( a )  = c ( e Q o f  ( a ) )  V j fC a ) .
2
I t ' s  e a s y  t o  s e e  H ( F ^ ( a ) , a )  < 2e f o r  i  = 1 , 2 ,  and f o r  e a c h  
o £ T (G ) .  H ence , by T o r u n c z y k 's  th e o r e m ,  T(G) » I}. T h i s  c o m p le te s  t h e  
p r o o f  o f  Theorem 4 . 1 .  []
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We now b e g in  t h e  p r o o f  o f  'Theorem 4 . 2 .  The n e c e s s i t y  o f  t h e  
c o n d i t i o n s  f o l l o w s  from t h e  p r o o f  o f  C o r o l l a r y  4 . 7 .  To p ro v e  s u f f i ­
c i e n c y ,  no Hj h a s  a  n e ig h b o rh o o d  o f  t h e  form  H. u [ 0 ,1 ]  i n  X sol  p^
t h e  convex  a r c  from i n  X d o e s n ' t  g row  a lo n g  an  a r c .  L e t  e > 0 ,
and choose  n l a r g e  so p r o j e c t i o n  n : X —*■ G s a t i s f i e s°  r  J n  n
d (n n (x )  ,x )  < e f o r  e a c h  x e X. L e t  : T(X) —*■ T(Gn ) b e  t h e
in d u c e d  map and l e t  f  : T(Gn ) r ( G n ) a s  *-n  Theorem 4 . 1 .  L e t
F : T(G ) —► r (G ) b e  as  i n  Theorem 4 .1  and l e t  F„ : T(G ) —*■ T(X)i n n  L n
b e  a s  i n  Theorem 4 .1  e x c e p t  u se  convex  g ro w th  i n  X i n s t e a d  o f  Gn .
Then, F^ o : F(X) —► T(X) s a t i s f i e s  H ^ ( F ^ ( a ) , a )  < 3e f o r  
a  e T(X) and i  = 1 ,2 .  A l s o ,  F j  o T?n ( r ( X ) )  n F£ o Trn ( r ( X ) )  => 0 a s  i n
Theorem 4 . 1 .  By T o r u n c z y k 's  t h e o r e m ,  T(X) “ I}. T h is  c o m p le te s  t h e
p r o o f  o f  Theorem 4 . 2. []
E x am p le ; L e t  X =
Then T(X) » I] by Theorem 4 .2  b u t  r ( Gn ) 1} f o r  any  n by  Theorem
4 . 1 .
00
Theorem 4 .1 0 :  L e t  X c  D be a Peano c o n t in u u m ,  X = U X w h e re--------------------------------------------------------------  , nn= l
X c X „ . r ( X )  f o r  a l l  n  s u f f i c i e n t l y  l a r g e ,  r  : X —► X an  n+1 n  n  n
r e t r a c t i o n  f o r  e a c h  n ,  and r ^  —*■ i d e n t i t y  a s  n —► » .  T hen , T(X) *» 1}.
P r o o f : S in c e  X i s  P ean o ,  P(X) i s  an  AR. I f  r n : T(X) —► F ( xn )
a r e  in d u ce d  by t h e  r n , t h e n  r n —► i d e n t i t y  a s  n —► 00. S in c e  
T(Xn ) "  I) f o r  l a r g e  n ,  T(X) ■ 1} by T o r u n c z y k 's  th e o r e m .  []
0 _ l^L_
V  >/ n-st ickers
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Exam ple; L e t  X = HI * *n
n - c i r d e s
By Theorem 4 . 1 ,  T(x n ) "  1} i f  and o n ly  i f  n  > 2 . By Theorem 4 .1 0 ,
r (X )  » C s i n c e  t h e r e  e x i s t s  r e t r a c t i o n s  r  ; X —► X^ su c h  t h a t  v ^  n  n
r ^  —*■ i d e n t i t y .
Exam ple: L e t  X , t h e  H aw aiian  e a r  r i n g ,  X^ =
n - c i r c l e s
By Theorem 4 . 1 ,  TfXn ) ** I) i f  and o n ly  i f  n > 2 so T(X) « I) a s  i n
th e  above ex am ple .
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